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Abstract
This is a paper in a series to study vertex algebra-like structures arising from
various algebras including quantum affine algebras and Yangians. In this paper,
we study notions of ~-adic nonlocal vertex algebra and ~-adic (weak) quantum
vertex algebra, slightly generalizing Etingof-Kazhdan’s notion of quantum vertex
operator algebra. For any topologically free C[[~]]-module W , we study ~-adically
compatible subsets and ~-adically S-local subsets of (EndW )[[x, x−1]]. We prove
that any ~-adically compatible subset generates an ~-adic nonlocal vertex algebra
with W as a module and that any ~-adically S-local subset generates an ~-adic weak
quantum vertex algebra with W as a module. A general construction theorem of
~-adic nonlocal vertex algebras and ~-adic quantum vertex algebras is obtained. As
an application we associate the centrally extended double Yangian of sl2 to ~-adic
quantum vertex algebras.
1 Introduction
In [EK], one of an important series of papers, Etingof and Kazhdan introduced a fun-
damental notion of quantum vertex operator algebra and they constructed a family of
quantum vertex operator algebras which are formal deformations of vertex operator al-
gebras associated with affine Lie algebras ŝln+1. For a quantum vertex operator algebra
in this sense, the underlying space is a topologically free C[[~]]-module V = V 0[[~]] with
V 0 a vector space over C, and the vertex operator map Y is a C[[~]]-module map from V
to Hom(V, V 0((x))[[~]]), where the key axioms are a quasi commutativity property, called
S-locality, and an associativity property. Furthermore, the S-locality by assumption is
governed by a unitary rational quantum Yang-Baxter operator S(x) on V . It follows from
the definition that V/~V is an ordinary vertex algebra (over C), so quantum vertex opera-
tor algebras in this sense are formal deformations of vertex algebras. As it was mentioned
therein, a generalization of this theory to the super case is straightforward.
Inspired by [EK], in a series of papers ([Li4], [Li5], [Li6], [KL]) we have extensively
studied a notion of (weak) quantum vertex algebra, as a generalization of the notions of
vertex algebra and vertex superalgebra. For a (weak) quantum vertex algebra V in this
sense, the underlying space is a vector space over C and the vertex operator map Y is a
linear map from V to Hom(V, V ((x))), which satisfies a certain braided Jacobi identity,
or equivalently an S-locality and associativity. This theory of (weak) quantum vertex
algebras has many of the features of the theory of ordinary vertex (super-)algebras. For
example, as it was proved in [Li4], weak quantum vertex algebras and their modules can
1Partially supported by NSF grant DMS-0600189
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be constructed from what were called S-local sets of vertex operators on an arbitrarily
given vector space, just as vertex (super)algebras and modules can be constructed from
“mutually local” vertex operators (see [Li1]). Examples of quantum vertex algebras and
modules were constructed in [Li5] from Zamolodchikov-Faddeev algebras of a certain type
and in [Li6] from q-versions of double Yanigan DY~(sl2) with q a nonzero complex number.
In this paper, we come back to Etingof-Kazhdan’s notion of quantum vertex oper-
ator algebra with a slight generalization such that the classical limits are more general
quantum vertex algebras. More specifically, we systematically study notions of ~-adic non-
local vertex algebra and ~-adic (weak) quantum vertex algebra, and we establish general
construction theorems, with the ultimate goal to associate such ~-adic quantum vertex
algebras to centrally extended double Yangians essentially in the same way that affine Lie
algebras were associated with vertex operator algebras. An ~-adic nonlocal vertex algebra
will be a topologically free C[[~]]-module V equipped with a C[[~]]-module map Y from
V to (EndV )[[x, x−1]] and a vector 1 ∈ V such that for every positive integer n, V/~nV
is a nonlocal vertex algebra over C, while an ~-adic weak quantum vertex algebra is an
~-adic nonlocal vertex algebra V that satisfies S-locality in the sense of [EK] with S(x)
only a C[[~]]-module map without any other assumption. Furthermore, an ~-adic quan-
tum vertex algebra is an ~-adic weak quantum vertex algebra V such that the S-locality
operator S(x) is a unitary rational quantum Yang-Baxter operator and satisfies the shift
condition and hexagon identity as in [EK].
For each finite-dimensional simple Lie algebra g, Drinfeld (see [Dr1]) introduced a Hopf
algebra Y (g), called Yangian, as a deformation of the universal enveloping algebra U(g[t])
of Lie algebra g[t]. Then the double DY~(g) of Y (g) in the sense of Drinfeld was studied
in [KT]. Furthermore, centrally extended double Yangian D̂Y~(g) was studied in [Kh] and
[IK], as a deformation of the universal enveloping algebra U(gˆ) of the affine Lie algebra
gˆ, where a vertex operator representation was also given. Our objective is to establish a
canonical association of the centrally extended double Yangians (in which the parameter
~ is a formal variable, instead of a complex number) with vertex algebra-like structures.
This is our main motivation to study ~-adic (weak) quantum vertex algebras.
In this paper we build the foundation for this theory of ~-adic (weak) quantum vertex
algebras. As one of the main results, we establish a general construction of ~-adic weak
quantum vertex algebras and their modules. This is an ~-adic version of the general
construction in [Li5] of weak quantum vertex algebras and their modules, and we here
extensively use the results therein. Let W be a general C[[~]]-module. Consider formal
series
a(x) =
∑
m∈Z
amx
−m−1 ∈ (EndW )[[x, x−1]]
satisfying the condition that for every w ∈ W and for every positive integer n, there exists
an integer k such that amw ∈ ~
nW for m ≥ k, and let E~(W ) consist of all such a(x). In
the case that W =W 0[[~]] is topologically free (with W 0 a vector space over C), we have
E~(W ) = E(W
0)[[~]] which is also topologically free. (Recall that for a vector space U over
C, E(U) = Hom(U, U((x))).) We then study what we call ~-adically compatible subsets
and ~-adically S-local subsets of E~(W ). We prove that any ~-adically compatible subset
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of E~(W ) generates an ~-adic nonlocal vertex algebra withW as a canonical module, while
an ~-adically S-local subset of E~(W ) generates an ~-adic weak quantum vertex algebra
with W as a canonical module.
The fact is that the generating functions of a centrally extended double Yangian on a
highest weight module W together with the identity operator 1W form an ~-adically S-
local subset of E~(W ), and hence one has an ~-adic weak quantum vertex algebra generated
by those generating functions. It was known (see [Li1], [LL]) that ifW is a highest weight
module for affine Lie algebra gˆ of level ℓ ∈ C, then the canonical generating functions of
gˆ generate a vertex algebra, which can be identified as a so-called vacuum gˆ-module of
the same level ℓ. For centrally extended double Yangians, the situation is different; the
generated ~-adic weak quantum vertex algebra is not a module for D̂Y~(g), but it is a
module for a certain cover of D̂Y~(g). This is mainly due to that the field associated to a
Cartan element is broken into two fields in the quantum case. In this paper, we pick up
the simplest case with g = sl2 and work out the details. More specifically, we introduce
a cover ˜DY~(sl2) of
̂DY~(sl2) and by using our general construction we show that on a
universal vacuum ˜DY~(sl2)-module of a generic level (which is defined suitably), there
exists a canonical ~-adic quantum vertex algebra structure with every highest weight
̂DY~(sl2)-module of the same level as a module. In principle, a generalization to the
centrally extended double Yangian of a general finite-dimensional simple Lie algebras can
be done in a similar way, but one has to deal with the complicated Serre type relations.
We plan to study this in a future publication.
In this paper, we also construct a family of ~-adic quantum vertex algebras as defor-
mations of certain quantum vertex algebras which were studied in [KL]. Those quantum
vertex algebras were constructed by using certain generalized Weyl-Clifford algebras, or
Zamolodchikov-Faddeev algebras. In one special case, we obtain a quantum βγ-system,
and in another we obtain a formal deformation of the vertex operator superalgebra VL
associated with the lattice L = Zα with 〈α, α〉 = 1.
There is a very interesting paper [AB], in which Anguelova and Bergvelt studied a
broad class of vertex algebra-like structures called HD-quantum vertex algebras, using
some ideas of Borcherds from [B2], and they constructed certain interesting examples by
employing Borcherds’ bicharacter construction. This notion of HD-quantum vertex alge-
bra generalizes the notion of braided vertex operator algebra in [EK] in several aspects.
For example, the braiding operator S (describing quasi locality) is allowed to have two (in-
dependent) spectral parameters, instead of one. What we here call ~-adic quantum vertex
algebras can be considered as a subfamily of HD-quantum vertex algebras. A drawback
of this generality is that general HD-quantum vertex algebras, just as Etingof-Kazhdan’s
braided vertex operator algebras, fail to satisfy the usual associativity for vertex algebras,
though they do satisfy a braided associativity. On the other hand, weak quantum vertex
algebras in the sense of [Li4] and ~-adic weak quantum vertex algebras all satisfy the usual
associativity, which promises a transparent representation theory. Especially, examples
of ~-adic quantum vertex algebras (and their modules) are constructed by using vertex
operators on potential modules from a representation point of view.
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This paper is organized as follows: In Section 2, we study ~-adic nonlocal vertex al-
gebras and ~-adic (weak) quantum vertex algebras and present some basic results. In
Section 3, we present some technical results. In particular we discuss ~-adic nonlocal ver-
tex subalgebras. In Section 4, we give a general construction of ~-adic (weak) quantum
vertex algebras and their modules using ~-adic S-local sets of (formal) vertex operators.
In Section 5, we construct some ~-adic quantum vertex algebras which are deformations
of certain quantum vertex algebras. In Section 6, as an application of the general con-
struction we associate the centrally extended double Yangian of sl2 with ~-adic quantum
vertex algebras.
Acknowledgement: Part of this paper was finished during my visit at Shanghai Jiao-
tong University, China, in May 2008. I am very grateful to Professor Cuipo Jiang for her
hospitality. I would like to thank the referees for valuable suggestions to put this paper
in better shape.
2 ~-adic nonlocal vertex algebras and ~-adic weak
quantum vertex algebras
In this section we study the notions of ~-adic nonlocal vertex algebra and ~-adic (weak)
quantum vertex algebra, and we present basic properties of ~-adic nonlocal vertex alge-
bras. The notion of ~-adic (weak) quantum vertex algebra slightly generalizes Etingof-
Kazhdan’s notion of quantum vertex operator algebra. In this paper, we use the standard
formal variable notations and conventions as established in [FLM] (cf. [LL]). The scalar
field will be the field C of complex numbers, N and Z+ denote the set of nonnegative
integers and the set of positive integers, respectively.
We start by recalling the notion of nonlocal vertex algebra (cf. [BK], [Li2]). A nonlocal
vertex algebra is a vector space V , equipped with a linear map
Y : V → Hom(V, V ((x))) ⊂ (EndV )[[x, x−1]]
v 7→ Y (v, x) =
∑
n∈Z
vnx
−n−1 (vn ∈ EndV )
and equipped with a distinguished vector 1 ∈ V , satisfying the conditions that
Y (1, x) = 1, (2.1)
Y (v, x)1 ∈ V [[x]] and lim
x→0
Y (v, x)1 (= v−11) = v for v ∈ V, (2.2)
and that for u, v, w ∈ V , there exists l ∈ N such that
(x0 + x2)
lY (u, x0 + x2)Y (v, x2)w = (x0 + x2)
lY (Y (u, x0)v, x2)w (2.3)
in V [[x±10 , x
±1
2 ]] (the weak associativity).
For a nonlocal vertex algebra V , define a linear operator D on V by
Dv = v−21
(
= lim
x→0
d
dx
Y (v, x)1
)
for v ∈ V. (2.4)
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We have ([Li2], Proposition 2.6)
[D, Y (v, x)] = Y (Dv, x) =
d
dx
Y (v, x) for v ∈ V, (2.5)
and furthermore,
exDY (v, x1)e
−xD = Y (exDv, x1) = Y (v, x1 + x), (2.6)
Y (v, x)1 = exDv. (2.7)
In [Li4], the following class of nonlocal vertex algebras was singled out:
Definition 2.1. A weak quantum vertex algebra is a nonlocal vertex algebra V , satisfying
S-locality: For u, v ∈ V , there exist
r∑
i=1
u(i) ⊗ v(i) ⊗ fi(x) ∈ V ⊗ V ⊗ C((x))
and a nonnegative integer k such that
(x1 − x2)
kY (u, x1)Y (v, x2) = (x1 − x2)
k
r∑
i=1
fi(x2 − x1)Y (v
(i), x2)Y (u
(i), x1), (2.8)
where fi(x2 − x1) is to be expanded in the nonnegative powers of x1, i.e., in view of the
formal Taylor theorem,
fi(x2 − x1) = e
−x1
∂
∂x2 fi(x2) ∈ C((x2))[[x1]].
Remark 2.2. Let V be a weak quantum vertex algebra. Let u, v, w ∈ V and assume
that (2.8) holds. Then weak associativity relation (2.3) and (2.8) imply
x−10 δ
(
x1 − x2
x0
)
Y (u, x1)Y (v, x2)w
−x−10 δ
(
x2 − x1
−x0
) r∑
i=1
fi(−x0)Y (v
(i), x2)Y (u
(i), x1)w
= x−12 δ
(
x1 − x0
x2
)
Y (Y (u, x0)v, x2)w (2.9)
(the S-Jacobi identity). In fact, the notion of weak quantum vertex algebra can be
alternatively defined by using all the axioms that define the notion of nonlocal vertex
algebra except that the weak associativity axiom is replaced by S-Jacobi identity.
Definition 2.3. Let U be a vector space. A unitary rational quantum Yang-Baxter
operator (with one parameter) on U is a linear map
S(x) : U ⊗ U → U ⊗ U ⊗ C((x))
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satisfying the condition that
S21(x)S(−x) = 1,
S12(x1)S
13(x1 + x2)S
23(x2) = S
23(x2)S
13(x1 + x2)S
12(x1),
where S21(x) = PS(x)P with P the permutation operator on U ⊗ U .
The following notion is essentially due to Etingof and Kazhdan [EK]:
Definition 2.4. A quantum vertex algebra is a nonlocal vertex algebra V equipped with
a unitary rational quantum Yang-Baxter operator S(x) on V , satisfying the conditions
that
[D ⊗ 1,S(x)] = −
dS(x)
dx
(the shift condition), (2.10)
and that for any u, v ∈ V , there exists a nonnegative integer k such that
(x1 − x2)
kY (x1)(1⊗ Y (x2))(S(x1 − x2)(u⊗ v)⊗ w)
= (x1 − x2)
kY (x2)(1⊗ Y (x1))(v ⊗ u⊗ w) (2.11)
for all w ∈ V , and that
S(x)(Y (z)⊗ 1) = (Y (z)⊗ 1)S23(x)S13(x+ z) (2.12)
(the hexagon identity), where Y (x) : V ⊗V → V ((x)) is the map associated to the vertex
operator map Y (·, x) : V → Hom(V, V ((x))).
The following notion is due to Etingof and Kazhdan [EK]:
Definition 2.5. Let V be a nonlocal vertex algebra. For each positive integer n, define
a linear map
Zn : C((x1)) · · · ((xn))⊗ V
⊗n → V ((x1)) · · · ((xn)) (2.13)
by
Zn(f ⊗ v
(1) ⊗ · · · ⊗ v(n)) = f(x1, . . . , xn)Y (v
(1), x1) · · ·Y (v
(n), xn)1 (2.14)
for v(1), . . . , v(n) ∈ V, f ∈ C((x1)) · · · ((xn)). If all the linear maps Zn for n ≥ 1 are
injective, V is said to be nondegenerate.
The following proposition ([Li4], Theorems 4.8 and 5.11) was lifted from [EK]:
Proposition 2.6. Let V be a weak quantum vertex algebra. Assume that V is nondegen-
erate. Then there exists a unique linear map S(x) : V ⊗ V → V ⊗ V ⊗ C((x)) satisfying
the condition that for any u, v ∈ V , there exists a nonnegative integer k such that (2.11)
holds with
S(x)(v ⊗ u) =
r∑
i=1
v(i) ⊗ u(i) ⊗ fi(x).
Furthermore, V equipped with S(x) is a quantum vertex algebra.
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Definition 2.7. Let V be a nonlocal vertex algebra. A V -module is a vector space W
equipped with a linear map
YW : V → Hom(W,W ((x))) ⊂ (EndW )[[x, x
−1]]
v 7→ YW (v, x) =
∑
n∈Z
vnx
−n−1 (vn ∈ EndW )
satisfying the conditions that
YW (1, x) = 1W (where 1W denotes the identity operator on W ), (2.15)
and that for any u, v ∈ V, w ∈ W , there exists l ∈ N such that
(x0 + x2)
lYW (u, x0 + x2)YW (v, x2)w = (x0 + x2)
lYW (Y (u, x0)v, x2)w. (2.16)
A quasi V -module is defined by using all the above axioms except that the last weak
associativity axiom is replaced by a weaker axiom: For any u, v ∈ V, w ∈ W , there exists
0 6= p(x1, x2) ∈ C[x1, x2] such that
p(x0 + x2, x2)YW (u, x0 + x2)YW (v, x2)w = p(x0 + x2, x2)YW (Y (u, x0)v, x2)w. (2.17)
Next, we study ~-adic analogues. Let ~ be a formal variable throughout this paper.
A C[[~]]-module W is said to be torsion-free if ~w 6= 0 for every 0 6= w ∈ W , and is
said to be separated if ∩n≥1~
nW = 0. For a C[[~]]-module W , using subsets w + ~nW for
w ∈ W, n ≥ 1 as the basis of open sets one obtains a topology on W , which is called
the ~-adic topology. A C[[~]]-module W is said to be ~-adically complete if every Cauchy
sequence in W with respect to this ~-adic topology has a limit in W . A C[[~]]-module
W is topologically free if W = W 0[[~]] for some vector space W 0 over C. A fact is that a
C[[~]]-module is topologically free if and only if it is torsion-free, separated, and ~-adically
complete (cf. [K]).
Definition 2.8. Let W be a C[[~]]-module. Define E~(W ) to consist of each formal series
a(x) =
∑
m∈Z
amx
−m−1 ∈ (EndW )[[x, x−1]]
such that for every w ∈ W , amw → 0, that is, for every positive integer n,
amw ∈ ~
nW for m sufficiently large.
For every C[[~]]-endomorphism F of W , F preserves the submodules ~nW for n ∈ N,
so that F gives rise to an endomorphism of W/~nW for each n ∈ N. In this way, we have
natural C[[~]]-module homomorphisms
π˜n : EndW → End(W/~
nW )
for n ∈ N. We also use π˜n for its canonical extensions—the C[[~]]-module homomorphisms
from (EndW )[[x±11 , . . . , x
±1
r ]] to (End(W/~
nW ))[[x±11 , . . . , x
±1
r ]] for r ≥ 1. In terms of the
maps π˜n we have
E~(W ) =
{
a(x) ∈ (EndW )[[x, x−1]] | π˜n(a(x)) ∈ E(W/~
nW ) for all n ∈ N
}
. (2.18)
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Definition 2.9. An ~-adic nonlocal vertex algebra is a topologically free C[[~]]-module V ,
equipped with a C[[~]]-module map
Y : V → E~(V ) ⊂ (EndV )[[x, x
−1]]
v 7→ Y (v, x) =
∑
n∈Z
vnx
−n−1
and equipped with a distinguished vector 1 ∈ V , satisfying the conditions that
Y (1, x) = 1,
Y (v, x)1 ∈ V [[x]] and lim
x→0
Y (v, x)1 (= v−11) = v for v ∈ V,
and that for u, v, w ∈ V and for n ∈ N, there exists l ∈ N such that
(x0 + x2)
lY (u, x0 + x2)Y (v, x2)w ≡ (x0 + x2)
lY (Y (u, x0)v, x2)w (2.19)
modulo ~nV [[x±10 , x
±1
2 ]] (the ~-adic weak associativity).
Remark 2.10. Notice that for r, s ∈ Z, the coefficient of the monomial xr0x
s
2 in the
expression Y (u, x0 + x2)Y (v, x2)w is∑
i≥0
(
r + i
i
)
u−r−1−iv−s−1+iw,
which is an infinite sum in general, even though it converges to an element of V . This is
one of the few places where V needs to be ~-adically complete.
The following is a characterization of an ~-adic nonlocal vertex algebra in terms of
nonlocal vertex algebras over C:
Proposition 2.11. Let V be a topologically free C[[~]]-module, equipped with a vector
1 ∈ V and a C[[~]]-module map Y from V to (EndV )[[x, x−1]]. Then (V, Y, 1) car-
ries the structure of an ~-adic nonlocal vertex algebra if and only if for every n ∈ N,
(V/~nV, Y (n), 1 + ~nV ) is a nonlocal vertex algebra over C, where Y (n) : V/~nV →
(End(V/~nV ))[[x, x−1]] is the canonical map reduced from Y .
Proof. From definition it is clear that if (V, Y, 1) is an ~-adic nonlocal vertex algebra,
V/~nV is a nonlocal vertex algebra over C for every n ∈ N. Now, assume that for every
n ∈ N, V/~nV is a nonlocal vertex algebra over C. For v ∈ V , we have π˜n(Y (v, x)) ∈
E(V/~nV ) for n ∈ N. Thus Y (v, x) ∈ E~(V ). On the other hand, for each n ∈ N, with
1 + ~nV being the vacuum vector of V/~nV , we have Y (1, x)v − v ∈ ~nV [[x, x−1]] for
v ∈ V . Because V is separated, we must have Y (1, x)v − v = 0. Similarly, we can show
Y (v, x)1 ∈ V [[x]] and limx→0 Y (v, x)1 = v. The weak associativity of V/~
nV for n ∈ N
exactly amounts to the ~-adic weak associativity. Then (V, Y, 1) is an ~-adic nonlocal
vertex algebra.
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Remark 2.12. Let V be an ~-adic nonlocal vertex algebra. We have a projective inverse
system of nonlocal vertex algebras over C (or over C[[~]]):
0← V/~V ← V/~2V ← V/~3V ← · · · (2.20)
and the ~-adic nonlocal vertex algebra V can be considered as an inverse limit.
Using Proposition 2.11 (and the arguments in the proof) we immediately have:
Lemma 2.13. Let V be an ~-adic nonlocal vertex algebra. Define D ∈ EndV by
D(v) = v−21 for v ∈ V. (2.21)
Then
[D, Y (v, x)] = Y (Dv, x) =
d
dx
Y (v, x) for v ∈ V.
Let V be an ~-adic nonlocal vertex algebra. Following [EK], let
Y (x) : V ⊗ˆV → V [[x, x−1]]
be the C[[~]]-module map associated to the vertex operator map Y : V → (EndV )[[x, x−1]],
where here and forth V ⊗ˆV and V ⊗ˆV ⊗ˆC((x))[[~]] stand for the ~-adically completed
tensor products. If V = V 0[[~]] with V 0 a C-vector space, we have
V ⊗ˆV = (V 0 ⊗ V 0)[[~]] and V ⊗ˆV ⊗ˆC((x))[[~]] = (V 0 ⊗ V 0 ⊗ C((x)))[[~]].
Definition 2.14. Let V be an ~-adic nonlocal vertex algebra. Define a C[[~]]-module
map
Y (x1, x2) : V ⊗ˆV → (EndV )[[x
±1
1 , x
±1
2 ]]
by
Y (x1, x2)(u⊗ v)(w) = Y (x1)(1⊗ Y (x2))(u⊗ v ⊗ w) = Y (u, x1)Y (v, x2)w (2.22)
for u, v, w ∈ V .
Definition 2.15. An ~-adic weak quantum vertex algebra is an ~-adic nonlocal vertex
algebra V which satisfies ~-adic S-locality: For u, v ∈ V , there exists
F (u, v, x) ∈ V ⊗ˆV ⊗ˆC((x))[[~]]
satisfying the condition that for every positive integer n, there exists k ∈ N such that
(x1 − x2)
kY (u, x1)Y (v, x2)w ≡ (x1 − x2)
kY (x2)(1⊗ Y (x1))(F (u, v, x2 − x1)⊗ w) (2.23)
modulo ~nV [[x±11 , x
±1
2 ]] for all w ∈ V .
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Remark 2.16. Let V be an ~-adic weak quantum vertex algebra. We see that for every
positive integer n, V/~nV is a weak quantum vertex algebra over C. For u, v, w ∈ V , by
Remark 2.2 we have
x−10 δ
(
x1 − x2
x0
)
Y (u, x1)Y (v, x2)w
−x−10 δ
(
x2 − x1
−x0
)
Y (x2)(1⊗ Y (x1))(F (u, v,−x0)⊗ w)
≡ x−12 δ
(
x1 − x0
x2
)
Y (Y (u, x0)v, x2)w (2.24)
modulo ~nV [[x±10 , x
±1
1 , x
±1
2 ]]. Since V is ~-adically complete, the coefficient of each mono-
mial xr0x
p
1x
q
2 for r, p, q ∈ Z in each of the three main terms is an element of V . As
∩n≥1~
nV = 0, we obtain
x−10 δ
(
x1 − x2
x0
)
Y (u, x1)Y (v, x2)w
−x−10 δ
(
x2 − x1
−x0
)
Y (x2)(1⊗ Y (x1))(F (u, v,−x0)⊗ w)
= x−12 δ
(
x1 − x0
x2
)
Y (Y (u, x0)v, x2)w (2.25)
(the S-Jacobi identity). Clearly, S-Jacobi identity is equivalent to ~-adic weak associa-
tivity and ~-adic S-locality. In view of this, the notion of ~-adic weak quantum vertex
algebra can be defined alternatively by using the S-Jacobi identity.
Definition 2.17. Let U be a C[[~]]-module and let r be a positive integer. For
A(x1, . . . , xr), B(x1, . . . , xr) ∈ U [[x
±1
1 , . . . , x
±1
r ]],
we write A ∼± B if for every positive integer n, there exists a (nonzero) polynomial
p(x1, . . . , xr) ∈ 〈xi ± xj | 1 ≤ i < j ≤ r〉 ⊂ C[x1, . . . , xr]
such that
p(x1, . . . , xr)(A(x1, . . . , xr)− B(x1, . . . , xr)) ∈ ~
nU [[x±11 , . . . , x
±1
r ]]. (2.26)
Clearly, relations ∼± on U [[x
±1
1 , . . . , x
±1
r ]] are equivalence relations. It is also clear
that the left multiplication by a Laurent polynomial and the formal partial differential
operators ∂/∂x1, . . . , ∂/∂xr preserve the equivalence relations. For convenience, we shall
also use the notation ∼ for ∼−. If V is an ~-adic nonlocal vertex algebra, for u, v, w ∈ V
we have
Y (u, x0 + x2)Y (v, x2)w ∼+ Y (Y (u, x0)v, x2)w
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in V [[x±10 , x
±1
2 ]]. Furthermore, if V is an ~-adic weak quantum vertex algebra, for any
u, v ∈ V , there exists
F (u, v, x) ∈ V ⊗ˆV ⊗ˆC((x))[[~]]
such that
Y (u, x1)Y (v, x2) ∼ Y (x2, x1)F (u, v, x2 − x1)
in (EndV )[[x±11 , x
±1
2 ]].
Remark 2.18. Note that the equivalence relations ∼± when restricted to certain sub-
spaces of U [[x±11 , . . . , x
±1
r ]] amount to the equality relation. For example, let U = U
0[[~]]
be a topologically free C[[~]]-module. For
A(x1, . . . , xr), B(x1, . . . , xr) ∈ (U
0((x1)) · · · ((xr)))[[~]],
if A ∼± B, we must have A = B. This is simply because (U
0((x1)) · · · ((xr)))[[~]] is a
vector space over the field C((x1)) · · · ((xr)) which contains xi ± xj for 1 ≤ i < j ≤ r.
Proposition 2.19. Let V be an ~-adic nonlocal vertex algebra and let
u, v ∈ V, A(x) ∈ V ⊗ˆV ⊗ˆC((x))[[~]].
Then
Y (u, x1)Y (v, x2) ∼ Y (x2, x1)(A(x2 − x1))
if and only if
Y (u, x)v = exDY (−x)(A(−x)). (2.27)
Furthermore, V is an ~-adic weak quantum vertex algebra if and only if there exists a
C[[~]]-module map
S(x) : V ⊗ˆV → V ⊗ˆV ⊗ˆC((x))[[~]]
such that
Y (u, x)v = exDY (−x)S(−x)(v ⊗ u) for u, v ∈ V. (2.28)
Proof. We only need to prove the first part. Note that for every positive integer n, V/~nV
is a nonlocal vertex algebra over C. By Corollary 5.3 of [Li4], there exists a nonnegative
integer k such that
(x1 − x2)
kY (u, x1)Y (v, x2)w ≡ (x1 − x2)
kY (x2, x1)(A(x2 − x1))w mod ~
nV
for all w ∈ V if and only if
Y (u, x)v ≡ exDY (−x)(A(−x)) mod ~nV.
Since V is ~-adically complete, the coefficient of each power of x in exDY (−x)(A(−x)) is
an element of V . As ∩n≥1~
nV = 0, the relations Y (u, x)v ≡ exDY (−x)(A(−x)) mod ~nV
for all n ≥ 1 amount to (2.27).
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The following is a reformulation and a slight generalization of Etingof and Kazhdan’s
notion of quantum vertex operator algebra (see [EK]):
Definition 2.20. An ~-adic quantum vertex algebra is an ~-adic nonlocal vertex algebra
V equipped with a C[[~]]-module map
S(x) : V ⊗ˆV → V ⊗ˆV ⊗ˆC((x))[[~]], (2.29)
which satisfies the shift condition
[D ⊗ 1,S(x)] = −
dS(x)
dx
, (2.30)
the quantum Yang-Baxter equation:
S12(x1)S
13(x1 + x2)S
23(x2) = S
23(x2)S
13(x1 + x2)S
12(x1) (2.31)
and the unitarity condition:
S21(x)S(−x) = 1, (2.32)
subject to the following axioms:
(QA1) The ~-adic S-locality: For any u, v ∈ V and for any positive integer n, there
exists k ≥ 0 such that for any w ∈ V the series
(x1 − x2)
kY (x1)(1⊗ Y (x2))(S(x1 − x2)(u⊗ v)⊗ w)
and
(x1 − x2)
kY (x2)(1⊗ Y (x1))(v ⊗ u⊗ w)
coincide modulo ~nV [[x±11 , x
±1
2 ]].
(QA4) The hexagon identity:
S(x1)(Y (x2)⊗ 1) = (Y (x2)⊗ 1)S
23(x1)S
13(x1 + x2). (2.33)
Let V be an ~-adic nonlocal vertex algebra. For a positive integer n, we define a
C[[~]]-module map
ZVn : V
⊗ˆn⊗ˆC((x1)) · · · ((xn))[[~]]→ V [[x
±1
1 , . . . , x
±1
n ]]
as in Definition 2.5. Recall that V/~V is a nonlocal vertex algebra over C.
Lemma 2.21. Let V = V 0[[~]] be an ~-adic nonlocal vertex algebra such that the nonlocal
vertex algebra V/~V over C is nondegenerate. Then for every positive integer n, the
C[[~]]-module map ZVn is injective.
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Proof. Let n be any positive integer and let 0 6= A ∈ V ⊗ˆn⊗ˆC((x1)) · · · ((xn))[[~]]. Then
A = ~k(A0 + ~A1 + ~
2A2 + · · · )
for some k ∈ N, Ai ∈ (V
0)⊗n ⊗ C((x1)) · · · ((xn)) with A0 6= 0. Writing
Y (x) = Y0(x) + ~Y1(x) + ~
2Y2(x) + · · ·
with Yi ∈ (EndV
0)[[x, x−1]] for i ≥ 0, we have
Y (x1)(1⊗ Y (x2)) · · · (1
⊗(n−1) ⊗ Y (xn))A
= ~kY0(x1)(1⊗ Y0(x2)) · · · (1
⊗(n−1) ⊗ Y0(xn))(A0) +O(~
k+1).
As V/~V is nondegenerate we have
Y0(x1)(1⊗ Y0(x2)) · · · (1
⊗(n−1) ⊗ Y0(xn))(A0) 6= 0,
so that ZVn (A) 6= 0. This proves that Z
V
n is injective.
The following is a reformulation of Proposition 1.11 of [EK]:
Proposition 2.22. Let V be an ~-adic weak quantum vertex algebra such that the nonlocal
vertex algebra V/~V over C is nondegenerate. Then S-locality defines a unique C[[~]]-
module map
S(x) : V ⊗ˆV → V ⊗ˆV ⊗ˆC((x)))[[~]] (2.34)
with S(x)(u ⊗ v) = F (v, u, x) for u, v ∈ V as in Definition 2.15 and (V, Y, 1,S) carries
the structure of an ~-adic quantum vertex algebra.
Next, we study modules and quasi modules for ~-adic nonlocal vertex algebras.
Definition 2.23. Let V be an ~-adic nonlocal vertex algebra. A V -module is a topolog-
ically free C[[~]]-module W , equipped with a C[[~]]-module map
YW : V → E~(W ) ⊂ (EndW )[[x, x
−1]]
satisfying the conditions that YW (1, x) = 1W and that for u, v ∈ V, w ∈ W and for every
positive integer n, there exists l ∈ N such that
(x0 + x2)
lYW (u, x0 + x2)YW (v, x2)w ≡ (x0 + x2)
lYW (Y (u, x0)v, x2)w (2.35)
modulo ~nW [[x±10 , x
±1
2 ]]. We define a notion of quasi V -module by replacing the ~-adic
weak associativity with the following axiom: For u, v ∈ V, w ∈ W and for every positive
integer n, there exists 0 6= p(x1, x2) ∈ C[x1, x2] such that
p(x0 + x2, x2)YW (u, x0 + x2)YW (v, x2)w ≡ p(x0 + x2, x2)YW (Y (u, x0)v, x2)w (2.36)
modulo ~nW [[x±10 , x
±1
2 ]].
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We have the following straightforward analogue of Proposition 2.11:
Proposition 2.24. Let V be an ~-adic nonlocal vertex algebra, let W be a topologically
free C[[~]]-module, and let YW be a C[[~]]-module map from V to (EndW )[[x, x
−1]]. Then
(W,YW ) is a (quasi) V -module if and only if for every positive integer n, W/~
nW is a
(quasi) V/~nV -module.
The following is an ~-adic version of a result of [Li4]:
Proposition 2.25. Let V be an ~-adic nonlocal vertex algebra, let
m ∈ Z, u, v, c(0), c(1), · · · ∈ V, A(x) ∈ V ⊗ˆV ⊗ˆC((x))[[~]]
such that limj→∞ c
(j) = 0, and let (W,YW ) be a V -module. If
(x1 − x2)
mY (u, x1)Y (v, x2)− (−x2 + x1)
mY (x2, x1)(A(x))
=
∑
j≥0
Y (c(j), x2)
1
j!
(
∂
∂x2
)j
x−12 δ
(
x1
x2
)
, (2.37)
then
(x1 − x2)
mYW (u, x1)YW (v, x2)− (−x2 + x1)
mYW (x2, x1)(A(x))
=
∑
j≥0
YW (c
(j), x2)
1
j!
(
∂
∂x2
)j
x−12 δ
(
x1
x2
)
. (2.38)
If (W,YW ) is a faithful V -module, the converse also holds.
Proof. For any positive integer n, V/~nV is a nonlocal vertex algebra over C and W/~nW
is a (V/~nV )-module. It follows from [Li4] (Proposition 6.7) that after applied to a vector
inW , (2.38) holds modulo ~nW . WithW topologically free,W is ~-adically complete and
separated. Then (2.38) must hold. For the converse, for any positive integer n, denote by
ρn the C[[~]]-module map from V to E(W/~
nW ). Clearly, ~nV ⊂ ker ρn. Then V/ ker ρn
is a nonlocal vertex algebra over C and W/~nW is a faithful (V/ ker ρn)-module. Again,
from [Li4] (Proposition 6.7), (2.37) modulo ker ρn holds. For v ∈ ∩n≥1 ker ρn, with W
separated we have YW (v, x) = 0. As W is faithful, we must have ∩n≥1 ker ρn = 0. Since
V is ~-adically complete, (2.37) holds on V .
We shall also need the following variation:
Proposition 2.26. Let V be an ~-adic nonlocal vertex algebra, let
m ∈ Z, u, v, c(0), c(1), · · · ∈ V, A(x) ∈ V ⊗ˆV ⊗ˆC((x))[[~]]
such that limj→∞ c
(j) = 0, and let (W,YW ) be a V -module. If
(x1 − x2)
mY (u, x1)Y (v, x2)− (−x2 + x1)
mY (x2, x1)(A(x))
=
∑
j≥0
Y (c(j), x1)
1
j!
(
∂
∂x2
)j
x−12 δ
(
x1
x2
)
, (2.39)
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(note that the only change is on the variable x for vertex operators Y (c(j), x)), then
(x1 − x2)
mYW (u, x1)YW (v, x2)− (−x2 + x1)
mYW (x2, x1)(A(x))
=
∑
j≥0
YW (c
(j), x1)
1
j!
(
∂
∂x2
)j
x−12 δ
(
x1
x2
)
. (2.40)
If (W,YW ) is a faithful V -module, the converse also holds.
Proof. Let (U, YU) be a V -module, e.g., U = V or U = W . For any v ∈ V, w ∈ U and
for any n ≥ 1, with U/~nU a module for V/~nV viewed as a nonlocal vertex algebra over
C, we have
YU(Dv, x)w ≡
d
dx
YU(v, x)w mod ~
nU.
Since U is separated, we have
YU(Dv, x)w =
d
dx
YU(v, x)w.
Using this we get
∑
j≥0
YU(c
(j), x1)
1
j!
(
∂
∂x2
)j
x−12 δ
(
x1
x2
)
=
∑
j≥0
1
j!
(
∂
∂x2
)j (
YU(c
(j), x2)x
−1
2 δ
(
x1
x2
))
=
∑
j≥0
j∑
i=0
1
(j − i)!
((
∂
∂x2
)j−i
YU(c
(j), x2)
)
1
i!
(
∂
∂x2
)i
x−12 δ
(
x1
x2
)
=
∑
j≥0
j∑
i=0
1
(j − i)!
YU(D
j−ic(j), x2)
1
i!
(
∂
∂x2
)i
x−12 δ
(
x1
x2
)
=
∑
i≥0
∑
r≥0
1
r!
YU(D
rc(r+i), x2)
1
i!
(
∂
∂x2
)i
x−12 δ
(
x1
x2
)
.
Notice that for i ≥ 0,
∑
r≥0
1
r!
Drc(r+i) ∈ V (as V is ~-adically complete). Then it follows
from Proposition 2.25.
3 Some technical results
In this section we present certain technical results which we need in Section 4. In partic-
ular, we study ~-adic nonlocal vertex subalgebras and subalgebras generated by subsets
of an ~-adic nonlocal vertex algebra.
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Definition 3.1. Let V be an ~-adic nonlocal vertex algebra. An ~-adic nonlocal vertex
subalgebra is a C[[~]]-submodule containing 1 such that (U, Y, 1) carries the structure of
an ~-adic nonlocal vertex algebra. In particular, U is a topologically free submodule.
We say that a C[[~]]-submodule U of an ~-adic nonlocal vertex algebra V is Y -closed
if umv ∈ U for all u, v ∈ U, m ∈ Z. (This is to distinguish the algebraic closedness from
the topological closedness.)
Remark 3.2. Let U be a C[[~]]-submodule of a topologically free C[[~]]-module V . With
~nU ⊂ U ∩~nV for n ∈ N, we see that the induced topology on U from V (with the ~-adic
topology) coincides with the ~-adic topology of U if and only if for any n ∈ N, there exists
k ∈ N such that U ∩ ~kV ⊂ ~nU .
Proposition 3.3. Let V be an ~-adic nonlocal vertex algebra and let U be a C[[~]]-
submodule satisfying the conditions that 1 ∈ U , U is Y -closed, and that the induced
topology on U from V coincides with its own ~-adic topology. In addition we assume that
U is ~-adically complete. Then U is an ~-adic nonlocal vertex subalgebra of V .
Proof. Notice that as a submodule of V , U is torsion-free and separated. Since U is also
~-adically complete, U is topologically free. Let u, v ∈ U and n ∈ N. From assumption,
there exists k ∈ N such that U ∩ ~kV ⊂ ~nU . With u, v ∈ U ⊂ V and k ∈ N being fixed,
there exists r ∈ N such that umv ∈ ~
kV for m ≥ r. Then
umv ∈ U ∩ ~
kV ⊂ ~nU for m ≥ r.
That is,
Y (u+ ~nU, x)(v + ~nU) ∈ (U/~nU)((x)).
Furthermore, let w ∈ V . By ~-adic weak associativity, there exists l ∈ N such that
(x0 + x2)
lY (u, x0 + x2)Y (v, x2)w ≡ (x0 + x2)
lY (Y (u, x0)v, x2)w (mod ~
kV ).
Because U is Y -closed and ~-adically complete, and because U ∩ ~kV ⊂ ~nU , we have
(x0 + x2)
lY (u, x0 + x2)Y (v, x2)w ≡ (x0 + x2)
lY (Y (u, x0)v, x2)w (mod ~
nU).
Now, (U, Y, 1) satisfies all the axioms for an ~-adic nonlocal vertex algebra.
Definition 3.4. Let M be a C[[~]]-module. For any C[[~]]-submodule K, we define
[K] = {w ∈M | ~nw ∈ K for some n ∈ N}. (3.1)
The following two lemmas are straightforward:
Lemma 3.5. LetM be a C[[~]]-module and let K be a C[[~]]-submodule such that [K] = K.
Then K ∩ ~nM = ~nK for all n ∈ N. In particular, the induced topology on K from M
(with the ~-adic topology) coincides with the ~-adic topology of K.
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Lemma 3.6. Let V be an ~-adic nonlocal vertex algebra and let K be a Y -closed C[[~]]-
submodule. Then both [K] and the ~-adic completion K̂ of K in V are Y -closed.
Furthermore, we have:
Proposition 3.7. Let V be an ~-adic nonlocal vertex algebra and let K be a Y -closed
C[[~]]-submodule containing 1. Then
[
[̂K]
]
= [̂K] and [̂K] is an ~-adic nonlocal vertex
subalgebra of V .
Proof. Since [[K]] = [K], by Lemma 3.5 we have [K]∩ ~nV = ~n[K] for n ∈ N. Then [̂K]
is ~-adically complete with respect to its only ~-adic topology. Then [̂K] is topologically
free. From Lemma 3.6, [̂K] is Y -closed. If we can prove
[
[̂K]
]
= [̂K], then by Proposition
3.3, [̂K] is an ~-adic nonlocal vertex subalgebra of V . Let u ∈
[
[̂K]
]
. By definition, there
exists k ∈ N such that ~ku ∈ [̂K]. Furthermore, there exists a Cauchy sequence {an} in
[K] with ~ku as the limit. Then there exists r ≥ 1 such that an − ~
ku ∈ ~kV for n ≥ r.
As V is torsion-free, for each n ≥ r, there exists uniquely bn ∈ V such that an = ~
kbn.
As [[K]] = [K] and ~nbn = an ∈ [K], we have bn ∈ [K] for n ≥ r. Using the fact that V
is torsion-free, we see that {bn}n≥r is a Cauchy sequence in [K], converging to u. Thus
u ∈ [̂K]. This proves
[
[̂K]
]
= [̂K], concluding the proof.
Now, let U be a subset of an ~-adic nonlocal vertex algebra V . Let U (1) be the C[[~]]-
span of U ∪ {1} and then inductively define U (n+1) for n ≥ 1 to be the C[[~]]-span of the
vectors amb for a, b ∈ U
(n), m ∈ Z. From definition we have 1 ∈ U (n) ⊂ U (n+1) for n ≥ 1.
Set
〈U〉o =
[
∪n≥1U
(n)
]
⊂ V (3.2)
and furthermore, set
〈U〉 = 〈̂U〉o (the ~-adic completion). (3.3)
We have:
Proposition 3.8. Let V be an ~-adic nonlocal vertex algebra and let U be a subset of V .
Then 〈U〉 is an ~-adic nonlocal vertex subalgebra satisfying the condition that U ⊂ 〈U〉
and [〈U〉] = 〈U〉. Furthermore, any ~-adic nonlocal vertex subalgebra H, which satisfies
the condition that U ⊂ H and [H ] = H, contains 〈U〉.
Proof. It follows from the definition that ∪n≥1U
(n) is Y -closed and contains {1} ∪ U .
Then the first assertion follows from Proposition 3.7. Let H be an ~-adic nonlocal vertex
subalgebra such that [H ] = H and U ⊂ H . Then ∪n≥1U
(n) ⊂ H . Furthermore, we have
〈U〉o =
[
∪n≥1U
(n)
]
⊂ [H ] = H.
Since [〈U〉o] = 〈U〉o, the induced topology on 〈U〉o (from H or V ) coincides with its own
~-adic topology. Then 〈U〉 ⊂ H as H is ~-adically complete.
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We shall need the following result later:
Lemma 3.9. Let V be an ~-adic nonlocal vertex algebra with a generating subset U in
the sense that V = 〈U〉 and let (W,YW ) be a quasi V -module equipped with a C[[~]]-linear
operator D such that
[D, YW (u, x)] =
d
dx
YW (u, x) for u ∈ U. (3.4)
Assume that w is a vector of W such that Dw = 0. Then Y (v, x)w ∈ V [[x]] for all v ∈ V
and the linear map φ defined by φ(v) = v−1w for v ∈ V is a V -module homomorphism.
Proof. For every positive integer n, V/~nV is a nonlocal vertex algebra over C andW/~nW
is a quasi (V/~nV )-module. Set
Kn = (∪k≥1U
(k) + ~nV )/~nV ⊂ V/~nV.
It is clear that Kn is a nonlocal vertex subalgebra of V/~
nV . Let φn : Kn → W/~
nW be
the map induced from φ. From [Li4] (Proposition 6.2), we have
vrw ∈ ~
nW for v ∈ ∪k≥1U
(k), r ≥ 0
and φn is a Kn-module homomorphism, which amounts to
φ(umv) ≡ umφ(v) mod ~
nW for u, v ∈ ∪k≥1U
(k), m ∈ Z.
As ∩n≥1~
nW = 0, we have vrw = 0 for v ∈ ∪k≥1U
(k), r ≥ 0 and
φ(umv) = umφ(v) for u, v ∈ ∪k≥1U
(k), m ∈ Z.
Now, let u, v ∈ [∪k≥1U
(k)]. There exists t ∈ N such that ~tu, ~tv ∈ ∪k≥1U
(k). Then
~tvrw = 0 for r ≥ 0 and ~
2tφ(umv) = ~
2tumφ(v) for m ∈ Z.
Since W is torsion-free, we have vrw = 0 for r ≥ 0 and φ(umv) = umφ(v) for m ∈ Z.
Recall that 〈U〉 is the completion of [∪k≥1U
(k)]. Let u(i), v(i) (i ≥ 1) be sequences in
[∪k≥1U
(k)], converging to u, v ∈ V , respectively. We have
v(i)r w = 0 for r ≥ 0 and φ(u
(i)
m v
(j)) = u(i)m φ(v
(j)) for i, j ≥ 1, m ∈ Z.
From this we see that for every positive integer n,
vrw ∈ ~
nW for r ≥ 0 and φ(umv)− umφ(v) ∈ ~
nW for m ∈ Z.
Again as ∩n≥1~
nW = 0, we get
vrw = 0 for r ≥ 0 and φ(umv) = umφ(v) for m ∈ Z.
Now we have proved
Y (v, x)w ∈ V [[x]], φ(umv) = umφ(v) for all u, v ∈ 〈U〉, m ∈ Z,
as needed.
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Let W be a topologically free C[[~]]-module and let A be a C-subspace of W . Notice
that for any sequence {an}n≥0 in A,
∑
n≥0 an~
n ∈ W . Set
A[[~]]′ =
{∑
n≥0
an~
n | an ∈ A
}
, (3.5)
which is a C[[~]]-submodule of W .
Definition 3.10. Let A and B be subsets of an ~-adic nonlocal vertex algebra V . We
say that the ordered pair (A,B) is ~-adically S-local if for any a ∈ A, b ∈ B, there exists
P (a, b; x) ∈ ((CB)⊗ (CA)⊗ C((x))) [[~]]′ ⊂ V ⊗ˆV ⊗ˆC((x)))[[~]]
such that
Y (a, x1)Y (b, x2) ∼ Y (x2, x1)P (a, b; x2 − x1). (3.6)
We say that a subset A of V is ~-adically S-local if (A,A) is ~-adically S-local.
We have the following technical result:
Lemma 3.11. Let A and B be C-subspaces of V such that (A,B) is ~-adically S-local.
Then (A,B(2)) and (A(2), B) are ~-adically S-local.
Proof. From definition, there exists a C[[~]]-module map
S(x) : B[[~]]′⊗ˆA[[~]]′ → B[[~]]′⊗ˆA[[~]]′⊗ˆC((x))[[~]]
such that for a ∈ A, b ∈ B,
Y (a, x1)Y (b, x2) ∼ Y (x2, x1)S(x2 − x1)(b⊗ a). (3.7)
We have the maps
S32(x) : B[[~]]′⊗ˆA[[~]]′⊗ˆB[[~]]′ → B[[~]]′⊗ˆA[[~]]′⊗ˆB[[~]]′⊗ˆC((x))[[~]],
S13(x) : B[[~]]′⊗ˆB[[~]]′⊗ˆA[[~]]′ → B[[~]]′⊗ˆB[[~]]′⊗ˆA[[~]]′⊗ˆC((x))[[~]].
Note that by Proposition 2.19, (3.7) is equivalent to
Y (a, x)b = exDY (−x)S(−x)(b ⊗ a).
Let a ∈ A, u, v ∈ B. Using Lemma 2.13 we get
Y (a, x)Y (u, z)v ∼ Y (z)(1⊗ Y (x))(S(z − x)(u⊗ a)⊗ v)
= Y (z)(1⊗ exDY (−x))S32(−x)(S(z − x)(u⊗ a)⊗ v)
= exDY (z − x)(1⊗ Y (−x))S32(−x)(S(z − x)(u⊗ a)⊗ v)
∼ exDY (−x)(Y (z)⊗ 1)S32(−x)(S(z − x)(u⊗ a)⊗ v)
∼ exDY (−x)(Y (z)⊗ 1)S32(−x)(S(−x + z)(u ⊗ a)⊗ v)
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in V [[x±1, z±1]]. In view of Remark 2.18 we have
Y (a, x)Y (u, z)v = exDY (−x)(Y (z)⊗ 1)S32(−x)(S(−x + z)(u ⊗ a)⊗ v).
It follows that (A,B(2)) is ~-adically S-local.
Similarly, for a, b ∈ A, u ∈ U , we have
Y (Y (a, x0)b, x)u ∼+ Y (a, x0 + x)Y (b, x)u
= Y (a, x0 + x)e
xDY (−x)S(−x)(u ⊗ b)
= exDY (a, x0)Y (−x)S(−x)(u ⊗ b)
∼+ e
xDY (−x)(1 ⊗ Y (x0))S
13(−x− x0)(S(−x)(u ⊗ b)⊗ a)
in V [[x±10 , x
±1]], which by Remark 2.18 implies
Y (Y (a, x0)b, x)u = e
xDY (−x)(1⊗ Y (x0))S
13(−x− x0)(S(−x)(u ⊗ b)⊗ a).
It follows that (A(2), B) is ~-adically S-local.
Now, we have (cf. [Li5], [LTW]):
Proposition 3.12. Let V be an ~-adic nonlocal vertex algebra and let U be an ~-adically
S-local subset such that V = (∪n≥1U
(n))[[~]]′. Then V is an ~-adic weak quantum vertex
algebra.
Proof. We must prove that V as a subset of V is ~-adically S-local. Because U is ~-
adically S-local, it follows from Lemma 3.11 (and induction) that ∪n≥1U
(n) is ~-adically
S-local. Let u, v ∈ V . From assumption, we have
u =
∑
i≥0
a(i)~i, v =
∑
j≥0
b(j)~j with a(i), b(j) ∈ ∪n≥1U
(n).
For any i, j ∈ N, there exists
Ai,j(x) ∈ V ⊗ˆV ⊗ˆC((x))[[~]]
such that
Y (a(i), x1)Y (b(j), x2) ∼ Y (x2, x1)Ai,j(x2 − x1).
Notice that ∑
i,j∈N
Ai,j(x)~
i+j ∈ V ⊗ˆV ⊗ˆC((x))[[~]]
and
Y (u, x1)Y (v, x2) ∼ Y (x2, x1)
(∑
i,j∈N
Ai,j(x2 − x1)
)
.
This proves that V is ~-adically S-local.
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Using the proof of Proposition 2.8 in [Li5] and Proposition 3.12, we immediately have:
Proposition 3.13. Let V be an ~-adic nonlocal vertex algebra, let U be an ~-adically S-
local subset, and let W be a V -module with e ∈ W such that YW (u, x)e ∈ V [[x]] for u ∈ U .
Set K = (∪n≥1U
(n))[[~]]′ ⊂ V . Then YW (v, x)e ∈ V [[x]] for all v ∈ K. Furthermore, the
C[[~]]-module map θ : K →W , defined by θ(v) = v−1e for v ∈ K, satisfies that
φ(Y (u, x)v) = YW (u, x)φ(v) for u, v ∈ K.
4 A general construction of ~-adic quantum vertex
algebras
In this section we give a general construction of ~-adic nonlocal vertex algebras and ~-
adic weak quantum vertex algebras by using what we call ~-adic quasi-compatible sets of
vertex operators on topologically free C[[~]]-modules.
We start by recalling from [Li4] (cf. [Li2]) the general construction of nonlocal vertex
algebras from quasi-compatible sets of formal vertex operators. Let W 0 be a vector space
over C. Set
E(W 0) = Hom(W 0,W 0((x))). (4.1)
The identity operator on W 0, denoted by 1W 0, is a typical element of E(W
0), and the
formal differential operator d
dx
is an endomorphism of E(W 0).
Definition 4.1. An (ordered) sequence (ψ(1)(x), . . . , ψ(r)(x)) in E(W 0) is said to be quasi-
compatible if there exists 0 6= p(x1, x2) ∈ C[x1, x2] such that( ∏
1≤i<j≤r
p(xi, xj)
)
ψ(1)(x1) · · ·ψ
(r)(xr) ∈ Hom(W
0,W 0((x1, . . . , xr))). (4.2)
A subset U of E(W 0) is said to be quasi-compatible if every (ordered) finite sequence in U
is quasi-compatible. We also define a notion of compatibility by assuming that p(x1, x2)
is of the form (x1 − x2)
k with k ∈ N.
Assume that (a(x), b(x)) is a quasi compatible pair in E(W 0). By definition, there
exists 0 6= p(x1, x2) ∈ C[x1, x2] such that
p(x1, x2)a(x1)b(x2) ∈ Hom(W
0,W 0((x1, x2))). (4.3)
Recall from [Li4] that
ιx1,x2 : C∗(x1, x2)→ C((x1))((x2))
is the algebra-embedding that preserves each element of C[[x1, x2]], where C∗(x1, x2) de-
notes the algebra extension of C[[x1, x2]] by inverting every nonzero polynomial. We have
ιx,x0(1/p(x0 + x, x)) (p(x1, x)a(x1)b(x)) |x1=x+x0 ∈
(
Hom(W 0,W 0((x)))
)
((x0)).
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Definition 4.2. Let (a(x), b(x)) be a quasi-compatible pair in E(W 0). Define a(x)nb(x)
for n ∈ Z, elements of E(W 0), in terms of generating function
YE(a(x), x0)b(x) =
∑
n∈Z
a(x)nb(x)x
−n−1
0
by
YE(a(x), x0)b(x) = ιx,x0(1/p(x0 + x, x)) (p(x1, x)a(x1)b(x)) |x1=x+x0,
where p(x1, x2) is any nonzero polynomial such that (4.3) holds.
A quasi-compatible subspace U of E(W 0) is said to be YE-closed if
a(x)nb(x) ∈ U for a(x), b(x) ∈ U, n ∈ Z. (4.4)
We have ([Li4], Theorem 2.19; cf. [Li2]):
Theorem 4.3. Let W 0 be a vector space over C and let U be any quasi-compatible subset
of E(W 0). There exists a (unique) smallest YE-closed quasi-compatible subspace 〈U〉 of
E(W 0), containing U and 1W 0, and (〈U〉, YE , 1W 0) carries the structure of a nonlocal
vertex algebra with U as a generating subset and W 0 is a quasi-module for 〈U〉 with
YW 0(α(x), x0) = α(x0) for α(x) ∈ 〈U〉. Furthermore, if U is compatible, W
0 is a module
for 〈U〉.
Definition 4.4. Let W 0 be a vector space over C. A subset U of E(W 0) is said to be S-
local if for any a(x), b(x) ∈ U , there exist a(i)(x), b(i)(x) ∈ U, fi(x) ∈ C((x)) (i = 1, . . . , r)
such that
(x1 − x2)
ka(x1)b(x2) = (x1 − x2)
k
r∑
i=1
fi(x2 − x1)b
(i)(x2)a
(i)(x1) (4.5)
for some k ∈ N.
From [Li4] (Lemma 3.2), every S-local subset of E(W 0) is quasi compatible. In fact,
the same proof shows that every S-local subset is compatible. Furthermore, we have (see
[Li4], Theorem 5.8):
Theorem 4.5. Let W 0 be a vector space over C and let U be an S-local subset of E(W 0).
Then the nonlocal vertex algebra 〈U〉 generated by U is a weak quantum vertex algebra
with W 0 as a faithful module.
Now, let W be a C[[~]]-module. Recall from Section 2 that E~(W ) is the C[[~]]-
submodule of (EndW )[[x, x−1]], consisting of each a(x) =
∑
m∈Z amx
−m−1 satisfying the
condition that for any w ∈ W, n ∈ N, there exists k ∈ Z such that
amw ∈ ~
nW for m ≥ k.
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For the rest of this section we assume that W = W 0[[~]] is a fixed topologically free
C[[~]]-module. Then W is torsion-free, separated in the sense that ∩n≥1~
nW = 0, and
~-adically complete. We have the following projective inverse system
0←W/~W ←W/~2W ← W/~3W ← · · · (4.6)
(equipped with the canonical maps from W/~n+1W to W/~nW for n ≥ 0) with W as an
inverse limit. Let F be an endomorphism of W . For every nonnegative integer n, F gives
rise to an endomorphism Fn of W/~
nW . Then we have an endomorphism {Fn} of the
projective inverse system (4.6). Conversely, given any endomorphism, a sequence {fn},
of the inverse system (4.6), we have an endomorphism f of W .
The C[[~]]-module EndW can be naturally identified with (EndW 0)[[~]] and we have
(EndW )[[x, x−1]] = (EndW 0)[[x, x−1]][[~]],
which is topologically free. Furthermore, we have
E~(W ) = E(W
0)[[~]], (4.7)
which is also topologically free.
Lemma 4.6. For a(x) ∈ (EndW )[[x, x−1]], if ~ka(x) ∈ E~(W ) for some k ∈ N, then
a(x) ∈ E~(W ).
Proof. For any n ∈ N, w ∈ W , with ~ka(x) ∈ E~(W ), there exists q ∈ Z such that
~kamw ∈ ~
k+nW for m ≥ q, where a(x) =
∑
m∈Z amx
−m−1. Since W is torsion-free, we
have amw ∈ ~
nW for m ≥ q. This proves a(x) ∈ E~(W ).
Remark 4.7. For each n ∈ N, we have a canonical C[[~]]-module map
π˜n : (EndW )[[x, x
−1]]→ (End(W/~nW ))[[x, x−1]]. (4.8)
As W is torsion-free, we have
ker π˜n = ~
n(EndW )[[x, x−1]].
Recall from Section 2 that an element a(x) of (EndW )[[x, x−1]] lies in E~(W ) if and only
if π˜n(a(x)) ∈ E(W/~
nW ) for n ∈ N. Then we have canonical C[[~]]-module maps
πn : E~(W )→ E(W/~
nW ) (4.9)
for n ∈ N, where by Lemma 4.6
ker πn = E~(W ) ∩ ~
n(EndW )[[x, x−1]] = ~nE~(W ). (4.10)
For every n ∈ N, we have a canonical C[[~]]-module map
θn : E(W/~
n+1W )→ E(W/~nW ).
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We have the following projective inverse system
0← E(W/~W )← E(W/~2W )← E(W/~3W )← · · · (4.11)
with E~(W ) equipped with C[[~]]-module maps πn as an inverse limit. Then for any
sequence {ψn(x)} with ψn(x) ∈ E(W/~
nW ) for n ∈ N, satisfying the condition that
θn(ψn+1(x)) = ψn(x), there exists a unique ψ(x) ∈ E~(W ) such that πn(ψ(x)) = ψn(x) for
n ∈ N.
Definition 4.8. A finite sequence a1(x), . . . , ar(x) in E~(W ) is said to be ~-adically
quasi-compatible if for every positive integer n, the sequence πn(a
1(x)), . . . , πn(a
r(x)) in
E(W/~nW ) is quasi-compatible. A subset U of E~(W ) is said to be ~-adically quasi-
compatible if every finite sequence in U is ~-adically quasi-compatible. Correspondingly,
we define notions of ~-adically compatible sequence and ~-adically compatible subset.
Let r be a positive integer. For each n ∈ N, we have a canonical C[[~]]-module map
π˜(r)n : (EndW )[[x
±1
1 , . . . , x
±1
r ]]→ (End(W/~
nW ))[[x±11 , . . . , x
±1
r ]],
where π˜
(1)
n = π˜n defined in (4.8). We also have a canonical C[[~]]-module map:
θ˜(r)n : (End(W/~
n+1W ))[[x±11 , . . . , x
±1
r ]]→ (End(W/~
nW ))[[x±11 , . . . , x
±1
r ]].
It is clear that for n ∈ N,
π˜(r)n = θ˜
(r)
n ◦ π˜
(r)
n+1. (4.12)
For any vector space U over C, we set
E (r)(U) = Hom(U, U((x1, . . . , xr))), (4.13)
which is naturally a C((x1, . . . , xr))-module.
Definition 4.9. Let r be a positive integer. For every n ∈ N, define E
(r)
n (W ) to be the
C[[~]]-submodule of (EndW )[[x±11 , . . . , x
±1
r ]], consisting of each formal series
ψ(x1, . . . , xr) =
∑
m1,...,mr∈Z
ψ(m1, . . . , mr)x
−m1−1
1 · · ·x
−mr−1
r ,
satisfying the condition that
π˜(r)n (ψ(x1, . . . , xr)) ∈ E
(r)(W/~nW ),
or equivalently, for every w ∈ W , there exists k ∈ Z such that
ψ(m1, . . . , mr)w ∈ ~
nW whenever mi ≥ k for some 1 ≤ i ≤ r.
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We see that E
(r)
n (W ) are also C((x1, . . . , xr))-modules and we have
E
(r)
0 (W ) ⊃ E
(r)
1 (W ) · · · ⊃ E
(r)
n (W ) ⊃ E
(r)
n+1(W ) ⊃ · · · .
In terms of E
(r)
n (W ), a sequence ψ1(x), . . . , ψr(x) in E~(W ) is ~-adically quasi-compatible
if and only if for every n ∈ N, there exists 0 6= p(x, y) ∈ C[x, y] such that( ∏
1≤i<j≤r
p(xi, xj)
)
ψ1(x1) · · ·ψ
r(xr) ∈ E
(r)
n (W ).
Generalizing the maps πn and θn, we have canonical C[[~]]-module maps for n ∈ N:
π(r)n : E
(r)
n (W )→ E
(r)(W/~nW ),
θ(r)n : E
(r)(W/~n+1W )→ E (r)(W/~nW ),
which satisfy
π(r)n = θ
(r)
n ◦ π
(r)
n+1.
Set
E
(r)
~ (W ) = ∩n≥1E
(r)
n (W ) ⊂ (EndW )[[x
±1
1 , . . . , x
±1
r ]]. (4.14)
Note that if (a(x), b(x)) is an ~-adically quasi-compatible pair in E~(W ), then for
every n ∈ N, (πn(a(x)), πn(b(x))) is a quasi-compatible pair in E(W/~
nW ) and hence
πn(a(x))mπn(b(x)) are defined for all m ∈ Z.
Lemma 4.10. Let (a(x), b(x)) be an ~-adically quasi-compatible pair in E~(W ). We have
θn+1 (πn+1(a(x))mπn+1(b(x))) = πn(a(x))mπn(b(x)) (4.15)
for n ∈ N, m ∈ Z.
Proof. For any fixed n ∈ N, let p(x, y) ∈ C[x, y] be a nonzero polynomial such that
p(x1, x2)a(x1)b(x2) ∈ E
(2)
n+1(W ) ⊂ E
(2)
n (W ).
From Definition 4.2, we have
p(x0 + x, x)YE(πn(a(x)), x0)πn(b(x)) = (p(x1, x)πn(a(x1))πn(b(x))) |x1=x+x0,
= π(2)n (p(x1, x)a(x1)b(x)) |x1=x+x0,
p(x0 + x, x)YE(πn+1(a(x)), x0)πn+1(b(x)) = (p(x1, x)πn+1(a(x1))πn+1(b(x))) |x1=x+x0
= π
(2)
n+1 (p(x1, x)a(x1)b(x))) |x1=x+x0.
With (4.12) it follows that
p(x0 + x, x)YE(πn(a(x)), x0)πn(b(x)) = p(x0 + x, x)θn+1 (YE(πn+1(a(x)), x0)πn+1(b(x))) ,
which implies
YE(πn(a(x)), x0)πn(b(x)) = θn+1 (YE(πn+1(a(x)), x0)πn+1(b(x))) ,
as desired.
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Using Lemma 4.10 we define the following partial operations on E~(W ):
Definition 4.11. Let (a(x), b(x)) be an ~-adically quasi-compatible (order) pair in E~(W ).
For m ∈ Z, we define
a(x)mb(x) = lim
←
πn(a(x))mπn(b(x)) ∈ E~(W ). (4.16)
Form the generating function
YE(a(x), x0)b(x) =
∑
m∈Z
(a(x)mb(x))x
−m−1
0 . (4.17)
From definition, for every positive integer n we have
πn(a(x)mb(x)) = πn(a(x))mπn(b(x)) (4.18)
for m ∈ Z. Namely,
πn (YE(a(x), x0)b(x)) = YE(πn(a(x)), x0)πn(b(x)). (4.19)
Recall that E
(2)
~ (W ) consists of each ψ(x1, x2) ∈ (EndW )[[x
±1
1 , x
±1
2 ]], such that for
every n ∈ N, π˜
(2)
n (ψ) ∈ E (2)(W/~nW ).
Proposition 4.12. Let a(x), b(x) ∈ E~(W ). Assume that there exists p(x1, x2, ~) ∈
C[x1, x2, ~] with p(x1, x2, 0) 6= 0 such that
p(x1, x2, ~)a(x1)b(x2) ∈ E
(2)
~ (W ).
Then (a(x), b(x)) is ~-adically quasi-compatible and
YE(a(x), x0)b(x) = ιx,x0,~(1/p(x0 + x, x, ~)) (p(x1, x, ~)a(x1)b(x)) |x1=x+x0.
Proof. Set
f(x1, x2) = p(x1, x2, 0) ∈ C[x1, x2], A = p(x1, x2, ~)a(x1)b(x2) ∈ E
(2)
~ (W ).
Then
p(x1, x2, ~) = f(x1, x2)− ~g(x1, x2, ~)
for some g(x1, x2, ~) ∈ C[x1, x2, ~]. We have
a(x1)b(x2) = ιx1,x2,~(1/p(x1, x2, ~))A =
∑
k≥0
ιx1,x2(f(x1, x2)
−k−1)g(x1, x2, ~)
k~kA.
For any positive integer n, we have
f(x1, x2)
na(x1)b(x2) ≡
n−1∑
k=0
f(x1, x2)
n−k−1g(x1, x2, ~)
k~kA mod~n(EndW )[[x±11 , x
±1
2 ]],
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so that
π˜(2)n (f(x1, x2)
na(x1)b(x2)) ∈ E
(2)(W/~nW ), (4.20)
as π˜
(2)
n (A) ∈ E (2)(W/~nW ). This proves that (a(x), b(x)) is ~-adically quasi-compatible.
Furthermore, for n ∈ N we have
f(x0 + x, x)
nπn(YE(a(x), x0)b(x)) = (f(x1, x)
nπn(a(x1))πn(b(x))) |x1=x2+x0
= π(2)n (f(x1, x)
na(x1)b(x)) |x1=x2+x0.
Then
π(2)n ιx,x0,~(p(x0 + x, x, ~)
−1)(p(x1, x, ~)a(x1)b(x))|x1=x+x0
= π(2)n ιx,x0,~(p(x0 + x, x, ~)
−1f(x0 + x, x)
−n)(p(x1, x, ~)f(x1, x)
na(x1)b(x))|x1=x+x0
= π(2)n ιx,x0,~(p(x0 + x, x, ~)
−1f(x0 + x, x)
−n)p(x0 + x, x, ~)(f(x1, x)
na(x1)b(x))|x1=x+x0
= ιx,x0,~(f(x0 + x, x)
−n)π(2)n (f(x1, x)
na(x1)b(x))|x1=x+x0
= πn (YE(a(x), x0)b(x)) ,
from which the second part follows.
An ~-adically quasi-compatible C[[~]]-submodule K of E~(W ) is said to be YE-closed if
a(x)mb(x) ∈ K for a(x), b(x) ∈ K, m ∈ Z.
Proposition 4.13. Let V be a YE-closed ~-adically quasi-compatible C[[~]]-submodule
of E~(W ), containing 1W . Suppose that [V ] = V and V is ~-adically complete. Then
(V, YE , 1W ) carries the structure of an ~-adic nonlocal vertex algebra and W is a faithful
quasi V -module with YW (a(x), x0) = a(x0) for a(x) ∈ V . Furthermore, if V is ~-adically
compatible, W is a module (instead of a quasi module).
Proof. Recall that E~(W ) is topologically free. As a submodule of E~(W ), V is torsion-free
and separated. Being assumed to be ~-adically complete, V is topologically free. For any
n ∈ N, as πn(a(x))mπn(b(x)) = πn(a(x)mb(x)) for a(x), b(x) ∈ V, m ∈ Z, we see that
πn(V ) is a YE-closed quasi-compatible C[[~]]-submodule of E(W/~
nW ), containing 1W . It
follows from Theorem 4.3 that πn(V ) is a nonlocal vertex algebra over C with W/~
nW as
a quasi module.
Now we prove that the map πn from V to πn(V ) reduces to a C[[~]]-isomorphism from
V/~nV onto πn(V ), so that V/~
nV is a nonlocal vertex algebra over C. Let a(x) ∈ V be
such that πn(a(x)) = 0 in E(W/~
nW ). Then a(x)W ⊂ ~nW [[x, x−1]]. So a(x) = ~nb(x)
for some b(x) ∈ (EndW )[[x, x−1]]. By Lemma 4.6, b(x) ∈ E~(W ). Then we have b(x) ∈
[V ] = V . Thus a(x) = ~nb(x) ∈ ~nV . This proves that V ∩ ker πn = ~
nV , which implies
V/~nV ≃ πn(V ) ⊂ E(W/~
nW ). Consequently, V/~nV is a nonlocal vertex algebra over
C. By Propositions 2.11 and 2.24, V is an ~-adic nonlocal vertex algebra with W as a
quasi V -module. The last part follows from Theorem 4.3 and Proposition 2.24.
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For convenience, we call any ~-adic nonlocal vertex algebra V in Proposition 4.13 an
~-adic nonlocal vertex subalgebra of E~(W ).
Lemma 4.14. Let U be an ~-adically quasi-compatible C[[~]]-submodule of E~(W ). Then
[U ] is ~-adically quasi-compatible. If U is YE-closed, so is [U ].
Proof. Notice that [U ] ⊂ E~(W ) by Lemma 4.6. As W is torsion-free, for any w ∈
W, s, n ∈ N, the relation ~sw ∈ ~s+nW implies w ∈ ~nW . Furthermore, for ψ ∈
(EndW )[[x±11 , . . . , x
±1
r ]], s, n ∈ N, the relation ~
sψ ∈ E
(r)
n+s(W ) implies ψ ∈ E
(r)
n (W ). Let
a1(x), . . . , ar(x) ∈ [U ]. There exists k ∈ N such that ~kai(x) ∈ U for i = 1, . . . , r. As the
sequence ~ka1(x), . . . , ~kar(x) in U is ~-adically quasi-compatible, for every n ∈ N, there
exists 0 6= p(x, y) ∈ C[x, y] such that
~rk
( ∏
1≤i<j≤r
p(xi, xj)
)
a1(x1) · · ·a
r(xr) ∈ E
(r)
n+rk(W ),
which gives ( ∏
1≤i<j≤r
p(xi, xj)
)
a1(x1) · · ·a
r(xr) ∈ E
(r)
n (W ).
This proves that the sequence a1(x), . . . , ar(x) is ~-adically quasi-compatible. Therefore,
[U ] is ~-adically quasi-compatible.
Assume that U is YE -closed. Let a(x), b(x) ∈ [U ], m ∈ Z. By definition, there exists
k ∈ N such that ~ka(x), ~kb(x) ∈ U . Then
~2k(a(x)mb(x)) = (~
ka(x))m(~
kb(x)) ∈ U.
Thus a(x)mb(x) ∈ [U ]. This proves that [U ] is YE -closed.
Theorem 4.15. Let K be a maximal ~-adically quasi-compatible C[[~]]-submodule of
E~(W ). Then [K] = K, K is ~-adically topologically free and YE-closed. Furthermore,
(K, YE , 1W ) carries the structure of an ~-adic nonlocal vertex algebra with W as a quasi
module with YW (α(x), x0) = α(x0) for α(x) ∈ K. If K is ~-adically compatible, W is a
module (instead of a quasi module).
Proof. By Lemma 4.14, [K] is ~-adically quasi-compatible. As K is maximal, we have
[K] ⊂ K. Thus [K] = K. Let a(x), b(x) ∈ K, m ∈ Z. For every n ∈ N, πn(K) is quasi-
compatible, then by Theorem 4.3, πn(K) generates a nonlocal vertex algebra 〈πn(K)〉
over C and we have
πn(K + Ca(x)mb(x)) = πn(K) + Cπn(a(x))mπn(b(x)) ⊂ 〈πn(K)〉,
a quasi-compatible C-subspace of E(W/~nW ). This proves that K + Ca(x)mb(x) is ~-
adically quasi-compatible in E~(W ). Again, with K maximal, we have a(x)mb(x) ∈ K.
Thus K is YE -closed. Now, let {ψm(x)} be a sequence in K, satisfying the condition that
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for any r ≥ 0, there exists k ≥ 0 such that ψm(x) − ψn(x) ∈ ~
rK whenever m,n ≥
k. Since E~(W ) is ~-adically complete, the sequence {ψm(x)} has a limit, say ψ(x), in
E~(W ). For any n ∈ N, there exists m ∈ N such that ψm(x) − ψ(x) ∈ ~
nE~(W ), which
implies πn(ψm(x)) = πn(ψ(x)). Thus πn(ψ(x)) = πn(ψm(x)) ∈ πn(K). Consequently,
πn(K + Cψ(x)) ⊂ πn(K), which is quasi-compatible. This proves that K + Cψ(x) is
~-adically quasi-compatible in E~(W ) and then it follows that ψ(x) ∈ K. Thus K is
~-adically complete, so that it is topologically free. Now, in view of Proposition 4.13, K
is an ~-adic nonlocal vertex algebra with W as a quasi module. Furthermore, W is a
module if K is ~-adically compatible.
Now, let U be an ~-adically quasi-compatible subset of E~(W ). In view of Zorn’s
lemma, there exists a maximal ~-adically quasi-compatible C[[~]]-submodule K of E~(W ),
containing U and 1W . Set U
(1) = C[[~]]U + C[[~]]1W . Define U
(2) to be the C[[~]]-span
of the vectors a(x)mb(x) for a(x), b(x) ∈ U
(1), m ∈ Z. Since K is YE -closed by Theorem
4.15, U (2) ⊂ K. Then U (2) is ~-adically quasi-compatible. For n ≥ 1, we inductively
define U (n+1) = (U (n))(2). In this way, we obtain an increasing sequence of ~-adically
quasi-compatible C[[~]]-submodules:
U (1) ⊂ U (2) ⊂ U (3) ⊂ · · · .
Set
〈U〉o = {a(x) ∈ E~(W ) | ~
ka(x) ∈ ∪n≥2U
(n) for some k ≥ 1}. (4.21)
That is, 〈U〉o = [∪n≥2U
(n)]. In view of Lemma 3.5 we have
〈U〉o ∩ ~nE~(W ) = ~
n〈U〉o for n ≥ 1. (4.22)
In particular, the induced topology of 〈U〉o from E~(W ) coincides with the ~-adic topology
of 〈U〉o. Then we define 〈U〉 to be the ~-adic completion of 〈U〉o.
Theorem 4.16. Let U be an ~-adically quasi-compatible subset of E~(W ). Then [〈U〉] =
〈U〉, 〈U〉 is topologically free, ~-adically quasi-compatible, and YE-closed, and (〈U〉, YE , 1W )
carries the structure of an ~-adic nonlocal vertex algebra and W is a faithful quasi 〈U〉-
module with YW (α(x), x0) = α(x0) for α(x) ∈ 〈U〉. Furthermore, for any ~-adic nonlocal
vertex subalgebra V of E~(W ), containing U , such that [V ] = V , we have 〈U〉 ⊂ V .
Proof. To prove [〈U〉] = 〈U〉, let a(x) ∈ [〈U〉]. By definition, a(x) ∈ E~(W ) and there
exists k ≥ 0 such that ~ka(x) ∈ 〈U〉. As 〈U〉 is the ~-adic completion of 〈U〉o, there exists
a Cauchy sequence {ψm(x)} in 〈U〉
o with ~ka(x) as a limit. There exists r ≥ 1 such that
ψm(x)− ~
ka(x) ∈ ~kE~(W ) for m ≥ r.
Then ψm(x) ∈ ~
kE~(W ) for m ≥ r. Set ψm(x) = ~
kφm(x) for m ≥ r with φm(x) ∈ E~(W ).
Noticing that [〈U〉o] = 〈U〉o, we have φm(x) ∈ 〈U〉
o for m ≥ r. We see that {φm(x)}m≥r
is a Cauchy sequence in 〈U〉o with a(x) as a limit. Thus a(x) ∈ 〈U〉. This proves
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[〈U〉] = 〈U〉. As 〈U〉 is torsion-free, separated, and ~-adically complete by definition, 〈U〉
is topologically free. It follows from definition that ∪n≥2U
(n) is ~-adically quasi-compatible
and YE-closed. By Lemma 4.14, 〈U〉
o (= [∪n≥2U
(n)]) is ~-adically quasi-compatible and
YE -closed. Let ψ1(x), . . . , φr(x) be a sequence in 〈U〉 and let n be any positive integer.
For 1 ≤ i ≤ r, there exists a sequence {ψim(x)} in 〈U〉
o, which converges to ψi(x). Let k
be a positive integer such that
ψim(x)− ψi(x) ∈ ~
nE~(W ) for 1 ≤ i ≤ r, m ≥ k.
As 〈U〉o is ~-adically quasi-compatible, there exists 0 6= p(x, y) ∈ C[x, y] such that
πn
( ∐
1≤i<j≤r
p(xi, xj)
)
φ1k(x1) · · ·φrk(xr) ∈ Hom((W/~
nW ), (W/~nW )((x1, . . . , xr))).
Then
πn
( ∐
1≤i<j≤r
p(xi, xj)
)
φ1(x1) · · ·φr(xr) ∈ Hom((W/~
nW ), (W/~nW )((x1, . . . , xr))).
This proves that ψ1(x), . . . , φr(x) is ~-adically quasi-compatible. It follows from Lemma
3.6 that 〈U〉 is YE -closed. Now, by Proposition 4.13, (〈U〉, YE , 1W ) carries the structure
of an ~-adic nonlocal vertex algebra and W is a faithful quasi 〈U〉-module. Let V be
an ~-adic nonlocal vertex subalgebra of E~(W ) satisfying the condition that U ⊂ V and
[V ] = V . It is straightforward to see that 〈U〉 ⊂ V .
For a topologically free C[[~]]-module W , we say a subset T spans W ~-adically if
W = (CT )[[~]]′. The following is an ~-adic version of ([Li4], Theorem 6.3) which is an
analogue of a theorem of Frenkel-Kac-Radual-Wang [FKRW] and of Muerman-Primc [MP]
(cf. [LL]):
Theorem 4.17. Let V be a topologically free C[[~]]-module, U a subset of V , 1 a vector
in V , D a C[[~]]-module endomorphism of V , and Y 0 a map
Y 0 : U → E~(V ); u 7→ Y
0(u, x) = u(x) =
∑
m∈Z
umx
−m−1.
Assume that all the following conditions hold:
D1 = 0, (4.23)
Y 0(u, x)1 ∈ V [[x]] and lim
x→0
Y 0(u, x)1 = u, (4.24)
[D, Y 0(u, x)] =
d
dx
Y 0(u, x) for u ∈ U, (4.25)
U(x) = {u(x) | u ∈ U} is ~-adically compatible, and V is ~-adically spanned by vectors
u(1)m1 · · ·u
(r)
mr
1 (4.26)
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for r ≥ 0, u(i) ∈ U, mi ∈ Z. In addition we assume that there exists a C[[~]]-module
morphism ψ from V to 〈U(x)〉 ⊂ E~(V ) such that ψ(1) = 1V and
ψ(umv) = u(x)mψ(v) for u ∈ U, v ∈ V, m ∈ Z. (4.27)
Then Y 0 extends uniquely to a C[[~]]-module map Y from V to E~(V ) such that (V, Y, 1)
carries the structure of an ~-adic nonlocal vertex algebra.
Proof. The uniqueness is obvious, so it remains to establish the existence. As U(x) is
an ~-adically compatible subset of E~(V ), by Theorem 4.16 we have an ~-adic nonlocal
vertex algebra 〈U(x)〉 with V as a faithful 〈U(x)〉-module where YV (α(x), x0) = α(x0) for
α(x) ∈ 〈U(x)〉. For u ∈ U , we have
YV (u(x), x0)1 = u(x0)1 ∈ V [[x0]],
[D, YV (u(x), x0)] = [D, Y
0(u, x0)] =
d
dx0
Y 0(u, x0) =
d
dx0
YV (u(x), x0).
By Lemma 3.9, the map φ from 〈U(x)〉 to V , defined by φ(α(x)) = Resxx
−1α(x)1, is
a 〈U(x)〉-module homomorphism. We see that φ(1V ) = 1 and that for u ∈ U, α(x) ∈
〈U(x)〉,
φ(YE(u(x), x0)α(x)) = YV (u(x), x0)φ(α(x)) = u(x0)φ(α(x)),
which amounts to
φ(u(x)mα(x)) = umφ(α(x)) for m ∈ Z.
It follows that φ ◦ ψ = 1V . Thus ψ is a C[[~]]-module isomorphism from V onto ψ(V ) ⊂
〈U(x)〉. For u ∈ U , we have
ψ(u) = ψ(u−11) = u(x)−11V = u(x) and φ(u(x)) = φ(ψ(u)) = u.
Inside 〈U(x)〉, ψ(V ) is ~-adically spanned by vectors
u(1)(x)m1 · · ·u
(r)(x)mr1V
for r ≥ 0, u(i) ∈ U, mi ∈ Z.
For a ∈ V , we define Y (a, x) ∈ (EndV )[[x, x−1]]] by
Y (a, x0)b = φ (YE(ψ(a)(x), x0)ψ(b)(x)) for b ∈ V.
As φ is a 〈U(x)〉-module homomorphism with φ ◦ ψ = 1, we have
Y (a, x0)b = YV (ψ(a)(x), x0)b = ψ(a)(x0)b,
so that Y (a, x) = ψ(a)(x) ∈ E~(V ). In particular, for u ∈ U ,
Y (u, x0) = YV (ψ(u), x0) = YV (u(x), x0) = u(x0) = Y
0(u, x0),
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so the map Y extends Y0. For v ∈ V , we have
Y (1, x0)v = YV (1V , x0)v = 1V (v) = v,
Y (v, x0)1 = YV (ψ(v)(x), x0)1 ∈ V [[x0]],
and
lim
x0→0
Y (v, x0)1 = lim
x0→0
YV (ψ(v)(x), x0)1 = φ(ψ(v)) = v.
To prove that (V, Y, 1) is an ~-adic nonlocal vertex algebra, we show that for every positive
integer n, V/~nV with the reduced structures is a nonlocal vertex algebra over C. For
any n ≥ 1, 〈U(x)〉/~n〈U(x)〉 is a nonlocal vertex algebra over C and φ reduces to a
homomorphism φ¯ from 〈U(x)〉/~n〈U(x)〉 to V/~nV . On the other hand, the map ψ
reduces to a map ψ¯ from V/~nV to 〈U(x)〉/~n〈U(x)〉 such that φ¯ ◦ ψ¯ = 1. We see
that the image ψ(V ) of ψ(V ) in 〈U(x)〉/~n〈U(x)〉 is a nonlocal vertex subalgebra and
ψ(V ) ≃ V/~nV through the maps φ¯ and ψ¯. It follows that V/~nV is a nonlocal vertex
algebra over C. Therefore, (V, Y, 1) is an h-adic nonlocal vertex algebra. This establishes
the existence, concluding the proof.
Definition 4.18. Let W be a topologically free C[[~]]-module as before. We define a
C[[~]]-module map
Z(x1, x2) : E~(W )⊗ˆE~(W )⊗ˆC((x))[[~]]→ (EndW )[[x
±1
1 , x
±1
2 ]]
by
Z(x1, x2)(a(x)⊗ b(x)⊗ f(x)) = f(x1 − x2)a(x1)b(x2). (4.28)
Lemma 4.19. Let a(x), b(x) ∈ E~(W ), B(x) ∈ E~(W )⊗ˆE~(W )⊗ˆC((x))[[~]] such that
a(x1)b(x2) ∼ Z(x2, x1)(B(x)).
Then (a(x), b(x)) is ~-adically compatible and
YE(a(x), x0)b(x)
= Resx1x
−1
0 δ
(
x1 − x
x0
)
a(x1)b(x)− x
−1
0 δ
(
x− x1
−x0
)
Z(x, x1)(B(x)). (4.29)
Proof. By definition, for any positive integer n, there exists k ∈ N such that
(x1 − x2)
kπn(a(x1))πn(b(x2)) = (x1 − x2)
kπ(2)n (Z(x2, x1)(B(x))).
From [Li4] we have
YE(πn(a(x)), x0)πn(b(x))
= Resx1x
−1
0 δ
(
x1 − x
x0
)
πn(a(x1))πn(b(x))− x
−1
0 δ
(
x− x1
−x0
)
π(2)n Z(x, x1)(B(x)).
Then it follows.
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Definition 4.20. Let V be an ~-adic nonlocal vertex subalgebra of E~(W ). Define a
C[[~]]-module map YE(x2, x1) from V ⊗ˆV ⊗ˆC((x))[[~]] to (EndV )[[x
±1
1 , x
±1
2 ]] by
YE(x2, x1)(a(x)⊗ b(x)⊗ f(x)) = f(x2 − x1)YE(a(x), x2)YE(b(x), x1) (4.30)
for a(x), b(x) ∈ V, f(x) ∈ C((x))[[~]].
Lemma 4.21. Let V be an ~-adic nonlocal vertex subalgebra of E~(W ), and let
u(x), v(x) ∈ V, A(x) ∈ V ⊗ˆV ⊗ˆC((x))[[~]].
Suppose that
u(x1)v(x2) ∼ Z(x2, x1)(A(x)) (4.31)
in (EndW )[[x±11 , x
±1
2 ]]. Then
YE(u(x), x1)YE(v(x), x2) ∼ YE(x2, x1)(A(x)) (4.32)
in (EndV )[[x±11 , x
±1
2 ]] and
x−10 δ
(
x1 − x2
x0
)
YE(u(x), x1)YE(v(x), x2)− x
−1
0 δ
(
x2 − x1
−x0
)
YE(x2, x1)(A(x))
= x−12 δ
(
x1 − x0
x2
)
YE(YE(u(x), x0)v(x), x2). (4.33)
Proof. Let n be a positive integer. We have a nonlocal vertex algebra πn(V ) ⊂ E(W/~
nW )
over C with ker πn = V ∩~
nE~(W ) (= ~
nV ). From assumption, there exists a nonnegative
integer k such that
(x1 − x2)
kπn(u(x1))πn(v(x2)) = (x1 − x2)
kZ(x2, x1)(πn(A(z))).
From [Li4] (Proposition 3.13), we have
(x1 − x2)
kYE(πn(u(x)), x1)YE(πn(v(x)), x2) = (x1 − x2)
kYE(x2, x1)πn(A(z))
as desired.
Definition 4.22. A subset U of E~(W ) is said to be ~-adically S-local if for any a(x), b(x) ∈
U , there exists A(x) ∈ (CU ⊗ CU ⊗ C((x)))[[~]] such that
a(x1)b(x2) ∼ Z(x2, x1)(A(x)). (4.34)
Lemma 4.23. Every ~-adically S-local subset of E~(W ) is ~-adically compatible.
Proof. Let U be an ~-adically S-local subset of E~(W ). For every positive integer n, we
see that πn(C[[~]]U) is an S-local subset of E(W/~
nW ), so that πn(C[[~]]U) is compatible.
By definition, C[[~]]U is an ~-adically compatible subset of E~(W ). Thus U is an ~-adically
compatible subset.
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The following is a refinement of Theorem 4.17 (cf. [Li5], Theorem 2.9):
Theorem 4.24. Let V be a topologically free C[[~]]-module, U a subset of V , 1 a vector
in V , and Y 0 a map
Y 0 : U → E~(V ); u 7→ Y
0(u, x) = u(x) =
∑
m∈Z
umx
−m−1.
Assume that all the following conditions hold:
Y 0(u, x)1 ∈ V [[x]] and lim
x→0
Y 0(u, x)1 = u for u ∈ U, (4.35)
U(x) = {u(x) | u ∈ U} is ~-adically S-local, and V is ~-adically spanned by vectors
u(1)m1 · · ·u
(r)
mr
1 (4.36)
for r ≥ 0, u(i) ∈ U, mi ∈ Z. In addition we assume that there exists a C[[~]]-module
morphism ψ from V to 〈U(x)〉 ⊂ E~(V ) such that ψ(1) = 1V and
ψ(umv) = u(x)mψ(v) for u ∈ U, v ∈ V, m ∈ Z. (4.37)
Then the map Y 0 extends uniquely to a C[[~]]-module map Y from V to E~(V ) such that
(V, Y, 1) carries the structure of an ~-adic weak quantum vertex algebra.
Proof. We shall slightly modify the proof of Theorem 4.17. By Lemma 4.23, U(x) is
~-adically compatible, so it generates an ~-adic nonlocal vertex algebra 〈U(x)〉. Set
K = (∪n≥1U(x)
(n))[[~]]′ ⊂ 〈U(x)〉 ⊂ E~(V ).
By Proposition 3.13, we have a C[[~]]-map φ : K → V such that
φ(1V ) = 1, φ(u(x)na(x)) = unφ(a(x)) for u ∈ U, n ∈ Z, a(x) ∈ K.
Then continue with the proof of Theorem 4.17 to see that Y 0 extends uniquely to a C[[~]]-
module map Y from V to E~(V ) such that (V, Y, 1) carries the structure of an ~-adic
nonlocal vertex algebra. From Lemma 4.21, U is an ~-adically S-local subset of V and
then by Proposition 3.12, V is an ~-adic weak quantum vertex algebra.
Notice that compared with the corresponding theorem in [FKRW] and [MP], Theorems
4.17 and 4.24 have an extra assumption on the existence of the map ψ. By using classical
linear algebra, it is not hard to see that in the general noncommutative situation, an
assumption like this is indeed necessary. This assumption means that V is a universal
vacuum module for a certain algebra.
The following results are companions in practical applications:
Lemma 4.25. Let U be a subset of E~(W ) satisfying the condition that for a(x), b(x) ∈ U ,
there exist B(z) ∈ (CU ⊗CU ⊗C((x)))[[~]] and p(x, ~) ∈ C[x, ~] with p(x, 0) 6= 0 such that
p(x1 − x2, ~)a(x1)b(x2) = p(x1 − x2, ~)Z(x2, x1)(B(x)). (4.38)
Then U is ~-adically S-local.
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Proof. Let a(x), b(x) ∈ U . By assumption there exist B and p(x, ~) with all the assumed
properties. With p(x, 0) 6= 0, we have p(x, ~) = f(x) − ~g(x, ~), where 0 6= f(x) ∈
C[x], g(x, ~) ∈ C[x, ~]. Expand p(x, ~)−1 in the nonnegative powers of ~ as follows
p(x, ~)−1 =
∑
i≥0
f(x)−1−ig(x, ~)i~i ∈ C((x))[[~]],
where f(x)−i−1 is understood as an element of C((x)). Let n be a positive integer. Then
p(x, ~)−1 ≡
n−1∑
i=0
f(x)−1−ig(x, ~)i~i (mod ~nC((x))[[~]]).
Let k be a nonnegative integer such that xkf(x)−n ∈ C[[x]], so that
(x1 − x2)
kf(x1 − x2)
−1−i = (−x2 + x1)
kf(−x2 + x1)
−1−i for all i = 0, . . . , n− 1.
Set A = p(x1 − x2, ~)a(x1)b(x2), the common quantity of both sides of (4.38). We have
(x1 − x2)
ka(x1)b(x2)
= (x1 − x2)
kp(x1 − x2, ~)
−1A
≡
(
(x1 − x2)
k
n−1∑
i=0
f(x1 − x2)
−1−ig(x1 − x2, ~)
i~i
)
A (mod ~n)
= (−x2 + x1)
k
n−1∑
i=0
f(−x2 + x1)
−1−ig(−x2 + x1, ~)
i~iA
≡ (−x2 + x1)
k
∑
i≥0
f(−x2 + x1)
−1−ig(−x2 + x1, ~)
i~iA (mod ~n)
= (−x2 + x1)
kZ(x2, x1)B(x).
This proves
a(x1)b(x2) ∼ Z(x2, x1)B(x).
Thus U is ~-adically S-local.
Proposition 4.26. Let V be an ~-adic nonlocal vertex subalgebra of E~(W ). Suppose that
a(x), b(x) ∈ V , B(x) ∈ V ⊗ˆV ⊗ˆC((x))[[~]], and p(x, ~) ∈ C[x, ~] with p(x, 0) 6= 0 satisfy
p(x1 − x2, ~)a(x1)b(x2) = p(x1 − x2, ~)Z(x2, x1)(B(x)). (4.39)
Then
p(x1 − x2, ~)YE(a(x), x1)YE(b(x), x2) = p(x1 − x2, ~)YE(x2, x1)(B(x)). (4.40)
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Proof. In view of Lemma 4.25, we have
a(x1)b(x2) ∼ Z(x2, x1)(B(x)).
Furthermore, by Lemma 4.21 we have
YE(a(x), x1)YE(b(x), x2) ∼ YE(x2, x1)(B(x)).
Then the following Jacobi identity holds:
x−10 δ
(
x1 − x2
x0
)
YE(a(x), x1)YE(b(x), x2)− x
−1
0 δ
(
x2 − x1
−x0
)
YE(x2, x1)(B(x))
= x−11 δ
(
x2 + x0
x1
)
YE(YE(a(x), x0)b(x), x2).
By Proposition 4.12 we have
p(x0, ~)YE(a(x), x0)b(x) = (p(x1 − x, ~)a(x1)b(x)) |x1=x+x0,
which involves only nonnegative integer powers of x0. Multiplying the both sides of the
Jacobi identity by p(x0, ~), and then applying Resx0 we obtain the desired identity.
We also have:
Proposition 4.27. Let W be given as before and let V be an ~-adic nonlocal vertex
subalgebra of E~(W ) such that V is ~-adically compatible, and let
m ∈ Z, u(x), v(x), c0(x), c1(x), · · · ∈ V, A(x) ∈ V ⊗ˆV ⊗ˆC((x))[[~]]
satisfying the condition that for every positive integer n, there exists a nonnegative integer
r such that cj(x) ∈ ~nV for j ≥ r. Suppose that
(x1 − x2)
mu(x1)v(x2)− (−x2 + x1)
mZ(x2, x1)(A(x))
=
∑
j≥0
cj(x2)
1
j!
(
∂
∂x2
)j
x−12 δ
(
x1
x2
)
. (4.41)
Then
(x1 − x2)
mYE(u(x), x1)YE(v(x), x2)− (−x2 + x1)
mYE(x2, x1)(A(x))
=
∑
j≥0
YE(c
j(x), x2)
1
j!
(
∂
∂x2
)j
x−12 δ
(
x1
x2
)
. (4.42)
Proof. Since V is ~-adically compatible, W is a faithful V -module with YW (α(x), x0) =
α(x0) for α(x) ∈ V . Then it follows immediately from Proposition 2.25.
36
5 ~-deformations of quantum vertex algebras VQ
In this section we construct a family of ~-adic quantum vertex algebras as ~-deformations
of certain quantum vertex algebras which were studied in [KL]. One special case gives
rise to an ~-deformed βγ-system, while another special case gives rise to an ~-deformation
of the vertex operator superalgebra VL associated to the rank-one lattice L = Zα with
〈α, α〉 = 1. We essentially deal with the same algebras as in [KL] with a formal parameter
~, instead of a nonzero complex number q.
We first recall the quantum vertex algebras of Zamolodchikov-Faddeev type from [KL].
Let l be a positive integer and let Q = (qij)
l
i,j=1 be a complex matrix such that
qijqji = 1 for 1 ≤ i, j ≤ l. (5.1)
Define AQ to be the associative algebra with identity (over C) with generators
Xi,n, Yi,n (i = 1, . . . , l, n ∈ Z),
subject to relations
Xi,mXj,n = qijXj,nXi,m, Yi,mYj,n = qijYj,nYi,m,
Xi,mYj,n − qjiYj,nXi,m = δi,jδm+n+1,0 (5.2)
for 1 ≤ i, j ≤ l, m, n ∈ Z. A vector w in an AQ-module is called a vacuum vector if
Xi,nw = Yi,nw = 0 for 1 ≤ i ≤ l, n ≥ 0,
and anAQ-moduleW equipped with a vacuum vector that generatesW is called a vacuum
AQ-module.
Let JQ be the left ideal of AQ, generated by Xi,n, Yi,n (1 ≤ i ≤ l, n ≥ 0), that is,
JQ =
l∑
i=1
∑
n≥0
(AQXi,n +AQYi,n).
Set
VQ = AQ/JQ, (5.3)
a left AQ-module, and set
1 = 1 + JQ ∈ VQ.
Then 1 is a vacuum vector and VQ equipped with 1 is a vacuumAQ-module. For 1 ≤ i ≤ l,
set
u(i) = Xi,−11, v
(i) = Yi,−11 ∈ VQ (5.4)
and set
Xi(x) =
∑
n∈Z
Xi,nx
−n−1, Yi(x) =
∑
n∈Z
Yi,nx
−n−1 ∈ AQ[[x, x
−1]]. (5.5)
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It was proved therein that there exists a unique quantum vertex algebra structure on VQ
with 1 as the vacuum vector and with
Y (u(i), x) = Xi(x), Y (v
(i), x) = Yi(x) for 1 ≤ i ≤ l.
It was also proved that VQ is nondegenerate.
Next, we are going to construct a family of ~-adic quantum vertex algebras by de-
forming VQ. For this purpose we shall need the following notion (cf. [Li3]):
Definition 5.1. Let V be a general nonlocal vertex algebra. An ~-adic pseudo-endomorphism
of V is a linear map
Φ(x) : V → (V ⊗ C((x)))[[~]]
satisfying the condition that Φ(x)1 = 1⊗ 1,
Φ(x1)Y (v, x2) = Y (Φ(x1 − x2)v, x2)Φ(x1) for v ∈ V, (5.6)
where the map Y is canonically extended. An ~-adic pseudo-endomorphism Φ(x) is called
a pseudo-automorphism if there exists an ~-adic pseudo-endomorphism Ψ(x) such that
Φ(x)Ψ(x)v = v = Ψ(x)Φ(x)v for v ∈ V . We say that ~-adic pseudo-endomorphisms Φ(x)
and Ψ(x) commute if Φ(x1)Ψ(x2) = Ψ(x2)Φ(x1).
The following is an ~-adic version of Lemma 3.15 of [KL]:
Lemma 5.2. Let Q = (qij) be an l × l matrix as before and let p1(x, ~), . . . , pl(x, ~) be
any sequence in C((x))[[~]] with pi(x, 0) 6= 0 for 1 ≤ i ≤ l (so that pi(x, ~) are invertible).
Then there exists an ~-adic pseudo-automorphism Φ(x) of VQ such that
Φ(x)(u(i)) = u(i) ⊗ pi(x, ~), Φ(x)(v
(i)) = v(i) ⊗ pi(x, ~)
−1 for 1 ≤ i ≤ l.
Furthermore, all such pseudo-automorphisms mutually commute.
Proof. Note that VQ ⊗ C((x))[[~]] ⊂ (VQ ⊗ C((x)))[[~]]. As C((x))[[~]] is a commutative
associative algebra over C with − d
dx
as a derivation, C((x))[[~]] becomes a vertex algebra
with 1 as the vacuum vector and with
Y (f, z)g = (e−z
d
dxf)g for f, g ∈ C((x))[[~]].
We then equip VQ⊗C((x))[[~]] with the tensor product vertex algebra structure with Yten
denoting the vertex operator map. Then
Yten(v ⊗ f(x), z) = Y (v, z)⊗ f(x− z) for v ∈ V, f(x) ∈ C((x))[[~]].
For A(x) ∈ V ⊗C((x))[[~]], we have Yten(A(x), z) = Y (A(x−z), z), noting that as in (5.6),
Y is C((x))[[~]]-bilinear. An ~-adic pseudo-endomorphism from VQ to VQ ⊗ C((x))[[~]]
exactly amounts to a vertex algebra homomorphism.
It is straightforward to check that with Xi(z) and Yi(z) (1 ≤ i ≤ l) acting on VQ ⊗
C((x))[[~]] as Y (u(i) ⊗ pi(x, ~), z) and Y (v
(i) ⊗ pi(x, ~)
−1, z), respectively, VQ⊗ C((x))[[~]]
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becomes an AQ-module with 1⊗ 1 as a vacuum vector. Since VQ is a universal vacuum
AQ-module, it follows that there exists an AQ-module homomorphism θ from VQ to
VQ ⊗ C((x))[[~]] such that θ(1) = 1 ⊗ 1. Because VQ as a quantum vertex algebra is
generated by u(i), v(i) (1 ≤ i ≤ l), it follows that θ is a vertex algebra homomorphism. We
have
θ(u(i)) = u(i) ⊗ pi(x, ~), θi(v
(i)) = v(i) ⊗ pi(x, ~)
−1 for 1 ≤ i ≤ l.
Denoting θ alternatively by Φ(x), we see that Φ(x) satisfies all the properties.
Set
G(x, ~) =
{
p(x, ~)
q(x, ~)
| p(x, ~), q(x, ~) ∈ C[x, ~] with p(x, 0), q(x, 0) 6= 0
}
, (5.7)
an abelian group. We also consider G(x, ~) as a (multiplicative) subgroup of C((x))[[~]].
Theorem 5.3. Let Q = (qij)
l
i,j=1 be given as before and let
pij(x, ~) ∈ G(x, ~) ⊂ C((x))[[~]] (5.8)
such that pij(x, 0) = 1 for 1 ≤ i, j ≤ l. For 1 ≤ i ≤ l, let Φi(x) be the pseudo-
automorphism of VQ such that
Φi(x)(u
(j)) = u(j) ⊗ pij(x, ~), Φi(x)(v
(j)) = v(j) ⊗ pij(x, ~)
−1 for 1 ≤ j ≤ l,
obtained in Lemma 5.2. Then there exists a unique ~-adic quantum vertex algebra struc-
ture on VQ[[~]] with 1 as the vacuum vector and with
Y~(u
(i), x) = Y (u(i), x)Φi(x), Y~(v
(i), x) = Y (v(i), x)Φi(x)
−1 for 1 ≤ j ≤ l.
Furthermore, VQ[[~]] is non-degenerate and generated by u
(i), v(i) (1 ≤ i ≤ l), and the
following relations hold for 1 ≤ i, j ≤ l:
pij(x1 − x2, ~)
−1Y~(u
(i), x1)Y~(u
(j), x2) = qjipji(x2 − x1, ~)
−1Y~(u
(j), x2)Y~(u
(i), x1),
pij(x1 − x2, ~)
−1Y~(v
(i), x1)Y~(v
(j), x2) = qijpji(x2 − x1, ~)
−1Y~(v
(j), x2)Y~(v
(i), x1),
pij(x1 − x2, ~)Y~(u
(i), x1)Y~(v
(j), x2)− qjipji(x2 − x1, ~)Y~(v
(j), x2)Y~(u
(i), x1)
= δijx
−1
2 δ
(
x1
x2
)
.
Proof. Note that from Lemma 5.2, pseudo-automorphisms Φi(x) (1 ≤ i ≤ l) are mutually
commuting. For 1 ≤ i ≤ l, set
a(i)(x) = Y (u(i), x)Φi(x), b
(i)(x) = Y (v(i), x)Φ−1i (x).
We have
pij(x1 − x2, ~)
−1a(i)(x1)a
(j)(x2)
= pij(x1 − x2, ~)
−1Y (u(i), x1)Φi(x1)Y (u
(j), x2)Φj(x2)
= Y (u(i), x1)Y (u
(j), x2)Φi(x1)Φj(x2)
= qijY (u
(j), x2)Y (u
(i), x1)Φj(x2)Φi(x1)
= qijpji(x2 − x1, ~)
−1a(j)(x2)a
(i)(x1),
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pij(x1 − x2, ~)
−1b(i)(x1)b
(j)(x2)
= pij(x1 − x2, ~)
−1Y (v(i), x1)Φ
−1
i (x1)Y (v
(j), x2)Φ
−1
j (x2)
= Y (v(i), x1)Y (v
(j), x2)Φ
−1
i (x1)Φ
−1
j (x2)
= qijY (v
(j), x2)Y (v
(i), x1)Φ
−1
j (x2)Φ
−1
i (x1)
= qijpji(x2 − x1, ~)
−1b(j)(x2)b
(i)(x1),
pij(x1 − x2, ~)a
(i)(x1)b
(j)(x2)− qjipji(x2 − x1, ~)b
(j)(x2)a
(i)(x1)
= Y (u(i), x1)Y (v
(j), x2)Φi(x1)Φ
−1
j (x2)− qjiY (v
(j), x2)Y (u
(i), x1)Φ
−1
j (x2)Φi(x1)
= δijx
−1
2 δ
(
x1
x2
)
Φ−1j (x2)Φi(x1)
= δijx
−1
2 δ
(
x1
x2
)
Φ−1j (x2)Φi(x2)
= δijx
−1
2 δ
(
x1
x2
)
.
Set T = {a(i)(x), b(i)(x) | 1 ≤ i ≤ l} ⊂ E~(VQ[[~]]). From Lemma 4.25, T is ~-adically
S-local and hence ~-adically compatible by Lemma 4.23. By Theorem 4.16, T generates
an ~-adic nonlocal vertex algebra 〈T 〉 inside E~(VQ[[~]]) with VQ[[~]] as a module.
We are going to apply Theorem 4.24 with V = VQ[[~]], U = {u
(i), v(i) | 1 ≤ i ≤ l}, and
Y0(u
(i), x) = a(i)(x), Y0(v
(i), x) = b(i)(x).
We claim that VQ[[~]] is generated from 1 by field operators a
(i)(x), b(i)(x) (1 ≤ i ≤ l). Let
W be the C[[~]]-submodule of VQ[[~]] generated from 1 by field operators a
(i)(x), b(i)(x)
(1 ≤ i ≤ l). We have Φi(x)1 = 1⊗ 1,
Φi(x)a
(j)(x1) = pij(x− x1, ~)a
(j)(x1)Φi(x),
Φi(x)b
(j)(x1) = pij(x− x1, ~)
−1b(j)(x1)Φi(x)
for 1 ≤ i, j ≤ l. It follows from induction that Φi(x)W ⊂ W [[x, x
−1]] for 1 ≤ i ≤ l.
Similarly, we have Φi(x)
−1W ⊂W [[x, x−1]]. As
Y (u(i), x) = a(i)(x)Φi(x)
−1, Y (v(i), x) = b(i)(x)Φi(x),
it follows that W is closed under vertex operators Y (u(i), x) and Y (v(i), x) for 1 ≤ i ≤ l.
Consequently, W = VQ[[~]], as claimed.
By Proposition 3.13, there exists a K-module homomorphism π from K to VQ[[~]],
sending 1VQ[[~]] to 1. We are going to prove that π is in fact an isomorphism. First, we
see that π is surjective and it gives rise to a surjective linear map π0 : K/~K → VQ (=
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VQ[[~]]/~VQ[[~]]). By Lemma 5.4, which follows next, we have
pij(x1 − x2, ~)YE(a
(i)(x), x1)YE(a
(j)(x), x2)
= qijpji(x2 − x1, ~)YE(a
(j)(x), x2)YE(a
(i)(x), x1),
pij(x1 − x2, ~)YE(b
(i)(x), x1)YE(b
(j)(x), x2)
= qijpji(x2 − x1, ~)YE(b
(j)(x), x2)YE(b
(i)(x), x1),
pij(x1 − x2, ~)YE(a
(i)(x), x1)YE(b
(j)(x), x2)
−qjipji(x2 − x1, ~)YE(b
(j)(x), x2)YE(a
(i)(x), x1)
= δijx
−1
2 δ
(
x1
x2
)
for 1 ≤ i, j ≤ l. From this, it follows that K/~K is a vacuum AQ-module with Xi(z)
and Yi(z) (1 ≤ i ≤ l) acting as YE(a
(i)(x), z) and YE(b
(i)(x), z), respectively. Furthermore,
we see that π0 is a surjective AQ-module homomorphism from K/~K to VQ. As every
nonzero vacuum AQ-module is irreducible from [KL], π0 must be an isomorphism. With
K separated and with VQ[[~]] torsion-free, it follows from a result of Enriquez ([En],
Lemma 3.14) that π is an isomorphism. Now, by Theorem 4.24, there exists an ~-adic
weak quantum vertex algebra structure on VQ[[~]] with 1 as the vacuum vector and with
Y~(u
(i), x) = a(i)(x), Y~(v
(i), x) = b(i)(x) for 1 ≤ i ≤ l.
Then the last assertion follows immediately. As VQ is nondegenerate, VQ[[~]] is an ~-adic
quantum vertex algebra. Now, the proof is complete.
The following is the result we need in the proof of Theorem 5.3:
Lemma 5.4. Let W be a topologically free C[[~]]-module and let V be an ~-adic nonlocal
vertex subalgebra of E~(W ). Assume that
a(x), b(x) ∈ V, p(x, ~), q(x, ~) ∈ C[x, ~], f(x, ~) ∈ C((x))[[~]]
with p(x, 0), q(x, 0) 6= 0 such that(
p(x1 − x2, ~)
q(x1 − x2, ~)
)
a(x1)b(x2)− f(x2 − x1, ~)b(x2)a(x1) = λx
−1
2 δ
(
x1
x2
)
, (5.9)
where λ is a complex number. Then(
p(x1 − x2, ~)
q(x1 − x2, ~)
)
YE(a(x), x1)YE(b(x), x2)− f(x2 − x1, ~)YE(b(x), x2)YE(a(x), x1)
= λx−12 δ
(
x1
x2
)
. (5.10)
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Proof. From (5.9), we have
(x1 − x2)p(x1 − x2, ~)a(x1)b(x2) = (x1 − x2)q(x1 − x2, ~)f(x2 − x1, ~)b(x2)a(x1)
= (x1 − x2)p(x1 − x2, ~)
(
q(x1 − x2, ~)f(x2 − x1, ~)
p(−x2 + x1, ~)
)
b(x2)a(x1).
In view of Lemma 4.25, we have
a(x1)b(x2) ∼
(
q(x1 − x2, ~)f(x2 − x1, ~)
p(−x2 + x1, ~)
)
b(x2)a(x1).
By Lemma 4.19, we have
YE(a(x), x0)b(x) = Resx1x
−1
0 δ
(
x1 − x
x0
)
a(x1)b(x)
−Resx1x
−1
0 δ
(
x− x1
−x0
)(
q(x1 − x, ~)f(x− x1, ~)
p(−x+ x1, ~)
)
b(x)a(x1).
Multiplying both sides by p(x0,~)
q(x0,~)
(viewed as an element of C((x0))[[~]]) we obtain(
p(x0, ~)
q(x0, ~)
)
YE(a(x), x0)b(x) = Resx1x
−1
0 δ
(
x1 − x
x0
)(
p(x1 − x, ~)
q(x1 − x, ~)
)
a(x1)b(x)
−Resx1x
−1
0 δ
(
x− x1
−x0
)
f(x− x1, ~)b(x)a(x1).
Furthermore, for n ≥ 0, applying Resx0x
n
0 to both sides and then using (5.9) we get
Resx0x
n
0
(
p(x0, ~)
q(x0, ~)
)
YE(a(x), x0)b(x) = λResx1(x1 − x)
nx−1δ
(x1
x
)
= δn,0λ.
On the other hand, by Lemma 4.21 we have the following Jacobi identity in V :
x−10 δ
(
x1 − x2
x0
)
YE(a(x), x1)YE(b(x), x2)
−x−10 δ
(
x2 − x1
−x0
)(
q(x1 − x2, ~)f(x2 − x1, ~)
p(−x2 + x1, ~)
)
YE(b(x), x2)YE(a(x), x1)
= x−11 δ
(
x2 + x0
x1
)
YE(YE(a(x), x0)b(x), x2).
Multiplying both sides by p(x0,~)
q(x0,~)
and then taking Resx0 we obtain(
p(x1 − x2, ~)
q(x1 − x2, ~)
)
YE(a(x), x1)YE(b(x), x2)− f(x2 − x1, ~)YE(b(x), x2)YE(a(x), x1)
= Resx0x
−1
1 δ
(
x2 + x0
x1
)(
p(x0, ~)
q(x0, ~)
)
YE(YE(a(x), x0)b(x), x2)
= λx−11 δ
(
x2
x1
)
,
proving (5.10).
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Example 5.5. Consider the special case with l = 1, q11 = 1, and p11(x, ~) =
x+~
x
. In this
case (with Q = q11 = 1), AQ is a Weyl algebra and VQ is a vertex algebra. By Theorem
5.3, there exists an ~-adic quantum vertex algebra VQ[[~]] with generators u, v such that(
x1 − x2
x1 − x2 + ~
)
Y (u, x1)Y (u, x2) =
(
x2 − x1
x2 − x1 + ~
)
Y (u, x2)Y (u, x1),(
x1 − x2
x1 − x2 + ~
)
Y (v, x1)Y (v, x2) =
(
x2 − x1
x2 − x1 + ~
)
Y (v, x2)Y (v, x1),(
x1 − x2 + ~
x1 − x2
)
Y (u, x1)Y (v, x2)−
(
x2 − x1 + ~
x2 − x1
)
Y (v, x2)Y (u, x1) = x
−1
2 δ
(
x1
x2
)
.
This gives an ~-deformed βγ-system (cf. [EFK]).
Example 5.6. Consider the case with l = 1, q11 = −1, and p11(x, ~) =
x+~
x
. In this case,
AQ is a Clifford algebra and VQ is a vertex superalgebra (cf. [FFR]). Theorem 5.3 asserts
that there exists an ~-adic quantum vertex algebra VQ[[~]] with generators u, v such that(
x1 − x2
x1 − x2 + ~
)
Y (u, x1)Y (u, x2) = −
(
x2 − x1
x2 − x1 + ~
)
Y (u, x2)Y (u, x1),(
x1 − x2
x1 − x2 + ~
)
Y (v, x1)Y (v, x2) = −
(
x2 − x1
x2 − x1 + ~
)
Y (v, x2)Y (v, x1),(
x1 − x2 + ~
x1 − x2
)
Y (u, x1)Y (v, x2) +
(
x2 − x1 + ~
x2 − x1
)
Y (v, x2)Y (u, x1) = x
−1
2 δ
(
x1
x2
)
.
Let L = Zα be a rank-one lattice with 〈α, α〉 = 1. Associated to L, one has a vertex su-
peralgebra VL (cf. [DL]). It is known that vertex superalgebras VQ and VL are isomorphic
with u = eα and v = e−α. In view of this, VQ[[~]] is an ~-deformation of VL.
6 ~-adic quantum vertex algebras associated with dou-
ble Yangians
In this section, we shall associate the centrally extended double Yangian of sl2 (see [Kh])
with ~-adic quantum vertex algebras. This can be viewed as an ~-adic version of the
corresponding result of [Li6] for the centerless double Yangian of sl2 with ~ evaluated as
a nonzero complex number.
The following is a variant of the centrally extended double Yangian ̂DY~(sl2) in [Kh]:
Definition 6.1. Define ̂DY~(sl2) to be the topological associative algebra over C[[~]] with
generators
em, fm, hm, c, d (m ∈ Z),
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which are grouped together in terms of generating functions
e(x) =
∑
m∈Z
emx
−m−1, f(x) =
∑
m∈Z
fmx
−m−1,
h+(x) = 1 + ~
∑
m≥0
hmx
−m−1, h−(x) = 1− ~
∑
m<0
hmx
−m−1,
with c a central element, subject to relations
[d, e(x)] =
d
dx
e(x), [d, f(x)] =
d
dx
f(x), [d, h±(x)] =
d
dx
h±(x),
e(x)e(y) =
y − x− ~
y − x+ ~
e(y)e(x),
f(x)f(y) =
y − x+ ~
y − x− ~
f(y)f(x),
h+(x)e(y) =
x− y + ~
x− y − ~
e(y)h+(x),
h+(x)f(y) =
x− y − (1 + c)~
x− y + (1− c)~
f(y)h+(x),
h−(x)e(y) =
y − x− ~
y − x+ ~
e(y)h−(x),
h−(x)f(y) =
y − x+ ~
y − x− ~
f(y)h−(x),
h±(x)h±(y) = h±(y)h±(x),
h+(x)h−(y) =
x− y + ~
x− y − ~
·
x− y − (1 + c)~
x− y + (1− c)~
· h−(y)h+(x),
[e(x), f(y)] =
1
~
(
x−1δ
(
y + ~c
x
)
h+(x)− x−1δ
(y
x
)
h−(y)
)
, (6.1)
where by convention for a ∈ C[c],
1
x− y − a~
=
∑
n≥0
an(x− y)−n−1~n ∈ C[c, (x− y)−1][[~]],
1
y − x− a~
=
∑
n≥0
an(y − x)−n−1~n ∈ C[c, (y − x)−1][[~]].
Remark 6.2. Here we give some details for the definition. Let T be the free associative
algebra over C with generators em, fm, hm (m ∈ Z), c, d. Set
deg c = deg d = 0, deg em = deg fm = deg hm = m for m ∈ Z,
to make T a Z-graded algebra T =
∐
n∈Z Tn. For n ∈ Z, set
Fn(T ) =
∑
m≥n
Tm ⊂ T.
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This defines a decreasing filtration {Fn(T )}n∈Z of T with ∩n∈ZFn(T ) = 0. Denote by
T the formal completion of T with respect to this filtration. Then T [[~]] is an algebra
over C[[~]]. The algebra ̂DY~(sl2) is simply the quotient algebra of T [[~]] modulo all the
relations corresponding to (6.1). The standard double Yangian ̂DY~(sl2) (see [Kh]) was
related to the increasing filtration {Ck}k∈Z, where Ck =
∑
m≤k Tm for k ∈ Z.
Remark 6.3. Let W be a C[[~]]-module and let a(x), b(x) ∈ E~(W ). Assume that a(x) ∈
(EndW )[[x−1]]. Note that the equalities
a(x1)b(x2) =
x1 − x2 − ~
x1 − x2 + ~
b(x2)a(x1),
a(x1)b(x2) =
x2 − x1 + ~
x2 − x1 − ~
b(x2)a(x1)
(
=
−x2 + x1 − ~
−x2 + x1 + ~
b(x2)a(x1)
)
both make sense, but they are not equivalent in general. On the other hand, the following
equalities both make sense and are equivalent
a(x1)b(x2) =
x1 − x2 − ~
x1 − x2 + ~
b(x2)a(x1),
b(x2)a(x1) =
x1 − x2 + ~
x1 − x2 − ~
a(x1)b(x2).
By a ̂DY~(sl2)-module we mean a C[[~]]-module W on which e(x), f(x), h
±(x) and c, d
act such that
e(x), f(x), h±(x) ∈ E~(W )
and such that all the defining relations in (6.1) hold. A ̂DY~(sl2)-module W is said to be
of level ℓ ∈ C if c acts on W as scalar ℓ. Let W be a ̂DY~(sl2)-module of level ℓ. Set
UW = {1W , e(x), f(x), h
+(x), h−(x)} ⊂ E~(W ). (6.2)
Note that from the last defining relation we have
(x1 − x2)(x1 − x2 − ℓ~)[e(x1), f(x2)] = 0.
In view of Lemma 4.25, UW is ~-adically S-local. Then by Theorem 4.15, UW generates
an ~-adic nonlocal vertex algebra VW inside E~(W ). We are going to show that the space
VW is naturally a module for a variant of
̂DY~(sl2).
Definition 6.4. Let ˜DY~(sl2) be the topological associative algebra over C[[~]] with gen-
erators
e˜m, f˜m, h˜
±
m (m ∈ Z), c, d,
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and with generating functions
e˜(x) =
∑
m∈Z
e˜mx
−m−1, f˜(x) =
∑
m∈Z
f˜mx
−m−1,
h˜+(x) = 1 + ~
∑
m∈Z
h˜+mx
−m−1, h˜−(x) = 1− ~
∑
m∈Z
h˜−mx
−m−1, (6.3)
subject to relations
[d, e˜(x)] =
d
dx
e˜(x), [d, f˜(x)] =
d
dx
f˜(x), [d, h˜±(x)] =
d
dx
h˜±(x),
e˜(x)e˜(y) =
y − x− ~
y − x+ ~
e˜(y)e˜(x),
f˜(x)f˜(y) =
y − x+ ~
y − x− ~
f˜(y)f˜(x),
e˜(y)h˜+(x) =
x− y − ~
x− y + ~
h˜+(x)e˜(y),
f˜(y)h˜+(x) =
x− y + (1− c)~
x− y − (1 + c)~
h˜+(x)f˜(y),
h˜−(x)e˜(y) =
y − x− ~
y − x+ ~
e˜(y)h˜−(x),
h˜−(x)f˜(y) =
y − x+ ~
y − x− ~
f˜(y)h˜−(x),
[h˜±(x), h˜±(y)] = 0,
h˜−(y)h˜+(x) =
x− y − ~
x− y + ~
·
x− y + (1− c)~
x− y − (1 + c)~
· h˜+(x)h˜−(y),
[e˜(x), f˜(y)] =
1
~
(
x−1δ
(
y + ~c
x
)
h˜+(x)− x−1δ
(y
x
)
h˜−(y)
)
. (6.4)
Similarly, we define a ˜DY~(sl2)-module to be a C[[~]]-module on which e˜(x), f˜(x), h˜
±(x)
and c, d act with e˜(x), f˜(x), h˜±(x) ∈ E~(W ), satisfying all the defining relations. A vector
w in a ˜DY~(sl2)-module is called a vacuum vector if
dw = 0, e˜mw = f˜mw = h˜
±
mw = 0 for m ≥ 0.
A vacuum ˜DY~(sl2)-module is a module equipped with a vacuum vector which generates
the whole module.
Remark 6.5. In view of Remark 6.3, the following relations hold in ̂DY~(sl2):
e(y)h+(x) =
x− y − ~
x− y + ~
h+(x)e(y),
f(y)h+(x) =
x− y + (1− c)~
x− y − (1 + c)~
h+(x)f(y),
h−(y)h+(x) =
x− y − ~
x− y + ~
·
x− y + (1− c)~
x− y − (1 + c)~
· h+(x)h−(y).
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On the other hand, these three relations also imply the corresponding original relations.
Thus ̂DY~(sl2) is isomorphic to the quotient algebra of
˜DY~(sl2) modulo the relations
h˜+m = 0 for m < 0 and h˜
−
n = 0 for n ≥ 0. (6.5)
Consequently, every ̂DY~(sl2)-module of level ℓ is naturally a
˜DY~(sl2)-module of level ℓ.
Set
h˜+(x)′ =
∑
k≥0
h˜kx
−k−1 =
1
~
(h˜+(x)− 1), h˜−(x)′ =
∑
k<0
h˜kx
−k−1 =
1
~
(1− h˜−(x)). (6.6)
The following is straightforward:
Lemma 6.6. In terms of h˜±(x)′, those relations involving h˜±(x) in (6.4) become
h˜−(x)′e˜(y) =
y − x− ~
y − x+ ~
e˜(y)h˜−(x)′ +
2
y − x+ ~
e˜(y),
h˜−(x)′f˜(y) =
y − x+ ~
y − x− ~
f˜(y)h˜−(x)′ +
−2
y − x− ~
f˜(y),
e˜(y)h˜+(x)′ =
x− y − ~
x− y + ~
· h˜+(x)′e˜(y) +
−2
x− y + ~
e˜(y),
f˜(y)h˜+(x)′ =
x− y + (1− c)~
x− y − (1 + c)~
· h˜+(x)′f˜(y) +
2
x− y − (1 + c)~
f˜(y),
[h˜±(x)′, h˜±(y)′] = 0,
h˜−(y)′h˜+(x)′ = F (~)h˜+(x)′h˜−(y)′
+
−2c
(x− y + ~)(x− y − (1 + c)~)
(
1 + ~h˜+(x)′ − ~h˜−(y)′
)
,
where
F (~) =
x− y − ~
x− y + ~
·
x− y + (1− c)~
x− y − (1 + c)~
,
and
[e˜(x), f˜(y)]
= x−1δ
(y
x
)(
h˜+(x)′ + h˜−(x)′
)
+
∑
k≥1
ck~k−1
k!
(1 + ~h˜+(x)′)
(
∂
∂y
)k
x−1δ
(y
x
)
.
Proposition 6.7. Let W be a topologically free ˜DY~(sl2)-module of level ℓ. Set
U˜W = {1W , e˜(x), f˜(x), h˜
+(x)′, h˜−(x)′} ⊂ E~(W ).
Then U˜W is ~-adically S-local and the ~-adic nonlocal vertex algebra V˜W generated by U˜W
is a ˜DY~(sl2)-module of level ℓ with e˜(x0), f˜(x0) and h˜
±(x0) acting as YE(e˜(x), x0), YE(f˜(x), x0)
and YE(h˜
±(x), x0), respectively, and with d acting as D = d/dx and c acting as scalar ℓ.
Furthermore, 1W generates a vacuum
˜DY~(sl2)-module of level ℓ.
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Proof. With the commutation relations (6.4) and with Lemma 6.6, by Lemma 4.25, U˜W
is ~-adically S-local. Note that the D-operator of the ~-adic nonlocal vertex algebra V˜W
is exactly the formal differential operator d/dx and we have
[D, YE(e˜(x), x0)] =
d
dx0
YE(e˜(x), x0), [D, YE(f˜(x), x0)] =
d
dx0
YE(f˜(x), x0),
[D, YE(h˜
±(x), x0)] =
d
dx0
YE(h˜
±(x), x0).
With the commutation relations (6.4), by Proposition 4.26 we have
YE(e˜(x), x1)YE(e˜(x), x2) =
x2 − x1 − ~
x2 − x1 + ~
· YE(e˜(x), x2)YE(e˜(x), x1),
YE(f˜(x), x1)YE(f˜(x), x2) =
x2 − x1 + ~
x2 − x1 − ~
· YE(f˜(x), x2)YE(f˜(x), x1),
YE(e˜(x), x2)YE(h˜
+(x), x1) =
x1 − x2 − ~
x1 − x2 + ~
· YE(h˜
+(x), x1)YE(e˜(x), x2),
YE(f˜(x), x2)YE(h˜
+(x), x1) =
x1 − x2 + (1− ℓ)~
x1 − x2 − (1 + ℓ)~
· YE(h˜
+(x), x1)YE(f˜(x), x2),
YE(h˜
−(x), x1)YE(e˜(x), x2) =
x2 − x1 − ~
x2 − x1 + ~
· YE(e˜(x), x2)YE(h˜
−(x), x1),
YE(h˜
−(x), x1)YE(f˜(x), x2) =
x2 − x1 + ~
x2 − x1 − ~
· YE(f˜(x), x2)YE(h˜
−(x), x1),
[YE(h˜
±(x)′, x1), YE(h˜
±(x)′, x2)] = 0,
YE(h˜
−(x), x2)YE(h˜
+(x), x1)
=
x1 − x2 − ~
x1 − x2 + ~
·
x1 − x2 + (1− ℓ)~
x1 − x2 − (1 + ℓ)~
· YE(h˜
+(x), x1)YE(h˜
−(x), x2).
Recall that W is a faithful V˜W -module. Using Proposition 2.26 we get
[YE(e˜(x), x1), YE(f˜(x), x2)] = x
−1
1 δ
(
x2
x1
)
YE
(
h˜+(x)′ + h˜−(x)′, x1
)
+
∑
k≥1
ℓk~k−1
k!
YE(1 + ~h˜
+(x)′, x1)
(
∂
∂x2
)k
x−11 δ
(
x2
x1
)
=
1
~
(
x−11 δ
(
x2 + ℓ~
x1
)
YE(h˜
+(x), x1)− x
−1
1 δ
(
x2
x1
)
YE(h˜
−(x), x2)
)
.
This shows that VW is a
˜DY~(sl2)-module of level ℓ. Clearly, 1 is a vacuum vector of V˜W
viewed as a ˜DY~(sl2)-module, so it generates a vacuum
˜DY~(sl2)-module.
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Definition 6.8. Define K to be a Lie algebra over C with a basis {c, Em, Fm, Im, Jm | m ∈
Z} and with the Lie bracket relations
[c,K] = 0,
[E(x), E(y)] = 0, [F (x), F (y)] = 0,
[I(x), I(y)] = 0, [J(x), J(y)] = 0, [I(x), J(y)] =
2c
(x− y)2
,
[I(x), E(y)] =
2
x− y
E(y), [I(x), F (y)] =
−2
x− y
F (y),
[J(x), E(y)] =
2
y − x
E(y), [J(x), F (y)] =
−2
y − x
F (y),
[E(x), F (y)] = x−1δ
(y
x
)
(I(y) + J(y)) + c
∂
∂y
x−1δ
(y
x
)
,
where a(x) =
∑
m∈Z amx
−m−1 for a = E, F, I, J .
Remark 6.9. Consider the product Lie algebra sl2 ⊕ Cz. Extend the normalized Killing
form on sl2 to a symmetric (invariant) bilinear form on sl2 ⊕ Cz by
〈sl2, z〉 = 0, 〈z, z〉 = 0.
Then we have an affine Lie algebra ̂sl2 ⊕ Cz. It is readily to see that Lie algebra K is
isomorphic to ̂sl2 ⊕ Cz with
E(x) = e(x), F (x) = f(x), I(x) = h(x)+ + z(x), J(x) = h(x)− − z(x),
and c = k (the central element of ̂sl2 ⊕ Cz), where for a ∈ sl2 ⊕ Cz,
a(x) =
∑
m∈Z
a(m)x−m−1
and
h(x)+ =
∑
m≥0
h(m)x−m−1, h(x)− =
∑
m<0
h(m)x−m−1.
A vector w in a K-module is called a vacuum vector if
Emw = Fmw = Imw = Jmw = 0 for m ≥ 0.
A vacuum K-module is a module equipped with a vacuum vector which generates the
whole module. Denote by K≥0 the linear span of c, Em, Fm, Im, Jm for m ≥ 0. It is clear
that K≥0 is a Lie subalgebra. Let ℓ be a complex number. Denote by Cℓ the 1-dimensional
K≥0-module with c acting as ℓ and with all the other generators of K≥0 acting trivially.
Form the induced K-module
VK(ℓ, 0) = U(K)⊗U(K≥0) Cℓ. (6.7)
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Set 1 = 1 ⊗ 1 ∈ VK(ℓ, 0). Then VK(ℓ, 0) is a vacuum K-module of level ℓ, which is
universal in the obvious sense. In view of the connection of K with ̂sl2 ⊕ Cz, VK(ℓ, 0) is
also a universal vacuum ̂sl2 ⊕ Cz-module of level ℓ. If ℓ is generic, it is well known that
the universal vacuum ̂sl2 ⊕ Cz-module of level ℓ is irreducible. It follows that VK(ℓ, 0) is
an irreducible K-module if ℓ is generic.
Set
E = E(−1)1, F = F (−1)1, I = I(−1)1, J = J(−1)1 ∈ VK(ℓ, 0).
Clearly, {1, E(x), F (x), I(x), J(x)} is S-local. It follows from [Li5] that there exists a
(unique) non-degenerate quantum vertex algebra structure on VK(ℓ, 0) over C with 1 as
the vacuum vector and with
Y (E, x) = E(x), Y (F, x) = F (x), Y (I, x) = I(x), Y (J, x) = J(x).
Proposition 6.10. Let W be any ˜DY~(sl2)-module of level ℓ. ThenW/~W is a K-module
of level ℓ with Em, Fm, Im, Jm for m ∈ Z acting as e˜m, f˜m, h˜
+
m, h˜
−
m, respectively. If W is a
vacuum ˜DY~(sl2)-module of level ℓ, then W/~W is a vacuum K-module of level ℓ.
Proof. The first assertion follows immediately from the defining relations in (6.4) and the
relations in Lemma 6.6. If W is a vacuum ˜DY~(sl2)-module of level ℓ, we see that W/~W
is a vacuum K-module of level ℓ.
Theorem 6.11. Let ℓ be a complex number. Assume that there exists a vacuum ˜DY~(sl2)-
module V ( ˜DY~(sl2), ℓ) of level ℓ which is universal in the obvious sense and which is
topologically free. Then there exists a unique ~-adic weak quantum vertex algebra structure
on V ( ˜DY~(sl2), ℓ) with 1 as the vacuum vector and with
Y (e˜−11, x) = e˜(x), Y (f˜−11, x) = f˜(x), Y (h˜
±
−11, x) = h˜
±(x)′. (6.8)
If ℓ is generic, then V ( ˜DY~(sl2), ℓ) is a non-degenerate ~-adic quantum vertex algebra.
Furthermore, on any ˜DY~(sl2)-module W of level ℓ, there exists a unique V (
˜DY~(sl2), ℓ)-
module structure such that
YW (e˜−11, x) = e˜(x), YW (f˜−11, x) = f˜(x), YW (h˜
±
−11, x) = h˜
±(x)′.
Proof. Let W be a ˜DY~(sl2)-module of level ℓ. By Proposition 6.7, the ~-adic nonlocal
vertex algebra V˜W generated by U˜W is a
˜DY~(sl2)-module of level ℓ and the submodule
generated by 1W is a vacuum
˜DY~(sl2)-module of level ℓ with vacuum vector 1W . It
follows that there exists a ˜DY~(sl2)-module homomorphism ψW from V (
˜DY~(sl2), ℓ) to
V˜W , sending 1 to 1W . Specializing W = V (
˜DY~(sl2), ℓ) and then applying Theorem 4.24
with V = V ( ˜DY~(sl2), ℓ), U = {1, e˜−11, f˜−11, h˜
±
−11}, we obtain the first assertion. For a
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general W , from Theorem 4.16, W is a canonical module for V˜W . The C[[~]]-module map
ψW satisfies
ψW (1) = 1W , ψW (umv) = u(x)mψW (v) for u ∈ U, v ∈ V, m ∈ Z.
As 1 generates V ( ˜DY~(sl2), ℓ) as a
˜DY~(sl2)-module, it follows that ψW is a homomorphism
of ~-adic nonlocal vertex algebras. Then the last assertion follows.
As for the second assertion, since ℓ is generic, VK(ℓ, 0) is an irreducible K-module.
Because V ( ˜DY~(sl2), ℓ)/~V (
˜DY~(sl2), ℓ) is a vacuum K-module of level ℓ by Proposition
6.10, it follows that
V ( ˜DY~(sl2), ℓ)/~V (
˜DY~(sl2), ℓ) ≃ VK(ℓ, 0)
as a K-module. It follows that this K-module isomorphism is also an isomorphism of
nonlocal vertex algebras. As VK(ℓ, 0) is (irreducible) non-degenerate, V (
˜DY~(sl2), ℓ) is a
non-degenerate ~-adic quantum vertex algebra.
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